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1. VEecToR Sraces: 1/7/13

If one has the polynomial x* + ax + b = 0, the two solutions are given by x = (—a + Va2 —4b)/2, where the
square root can take on two values.
For cubics x3 + px + q = 0, one similarly has x = (A + B)/3, where

A= 3,M/B: 3{M’andD:74p3727q3‘

Since each cube root can take on three values, this looks like it has too many degrees of freedom, but it is necessary
for AB = —3p, so one forces the other, giving the correct number of solutions.

There exist (even more painful) formulas for the quartic, but this is not true for degrees 5 and higher; there is no
algebraic formula for the roots. The proof of this will be one of the main results of this class.

Note that in this class rings will be assumed to have a multiplicative identity 1 # 0.

Definition. A vector space over a field F is an abelian group (V,+) with an operation of scalar multiplication
-:FxV — Vsuch thatcy(cavy) = (ci1c2)vy and ¢(vy +v2) =c¢1vy +¢cyve forall ¢q,¢c; € Fand vy, vz € V.
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Homomorphisms can be defined for vector spaces, and for this class, since rings must have identity, then ring
homomorphisms must preserve the identity (i.e. Ta — 1g). This doesn’t follow from the other axioms of a ring
homomorphism. Thus, for example, if A; and A, are rings, then A; — A; x A, given by a; — (a1,0) is not a
ring homomorphism, so A; x 0 isn’t a subring (though a; — (a1, 1) is a homomorphism, so A; x 1is a subring of
A] X Az).

If F is a field and V and W are F-vector spaces, then V L Wisa homomorphism if T(v +v’) = T(v) + T(v’) and
T(cv) =cT(v) forall v,v’ € V and c € F. Thus, homomorphisms are just linear transformations!

Definition. If V is a vector space over a field F, then B C V:
e spans V if every v € V can be written as v = Z;‘:1 cjvjforvi €c Band ¢; € F;
e linearly independent if Z}<:1 ¢jvj = 0 implies that ¢c; = 0 for all j; and
e is abasis of V if it both spans V and is linearly independent.

A key fact about vector spaces is that any two bases of a vector space V have the same cardinality (and thus the
same number of elements if the bases are finite). This number is called the dimension of V.

=
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Ficure 1. A 2-dimensional vector space over a field.

Definition. If E and F are fields, then E is a field extension of F is F is a subfield of E. Equivalently, F C E and the
inclusion map is a field homomorphism

Ficure 2. A field extension.

Suppose F C E C K are fields, E is a field extension of F, and K is a field extension of E (and therefore F). Then,
E and K can be made into F-vector spaces by defining scalar multiplication by an element of F as identical to field
multiplication by that same element. Similarly, K is an E-vector space.

Definition. If E O Fis a field extension of F, then its degree is |E : F|, the dimension of E over F as an F-vector space.

The axioms for a field homomorphism are the same as for a ring homomorphism.
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Proposition 1.1. If{«;}ic1 is an F-basis of E and {B;}jcy is an E-basis of K, then {aiBj}(i,5)c1x ) (where the product is taken
in K) is an F-basis of K.

Proof. Takeay € Kand writeitasy =} ..y ¢jBj, withc; € Eand ¢j = ) _;; ajjxi, with ay; € F. Then,

y=) > aixiBj,

jeJ i€l

j€]

s0 {xiBj}(i,j)e1x) spans K over F.
For linear independence, suppose

Z xijoci(?,j =0= Z <ZXU‘OC1;> f.))j.

icl,je] je] \iel

Then, } ;.1 xijx; = 0, so all of the x4 = 0. X

Corollary 1.2. [K:F/=|K: E|[E:F.

2. Review oF Mata 120 I: PLANTING SEEDS: 1/9/13

Most of this lecture is devoted to a review of rings, principal ideal domains, and fields, but there was a small
amount of new information.

Definition. A succession of field extensions F; C --- C Fy, is usually called a tower.

Note that in Proposition[I.1} the results still hold if R is a field extension of F and K is some E-vector space (not
necessarily a field), by the same proof. In particular, it is still true that [K: F| = |E : F||K : E|.

Some review of ring theory: common examples of rings include Z, Z/nZ, and A[x], where A is any commutative
ring. An example of a noncommutative ring is M, (A), where A is any ring. This is the set of n x n matrices with
elements in A.

This last example deserves some scrutiny: it is the ring of polynomials in x with coefficients in A, but what exactly
is x? Sometimes this is viewed as a ring of polynomial functions, but the function x? + 2x on IF3 is identically 0 (check
on 0,1, and 2), yet the polynomial x? + 2x € F3[x] is distinct from 0. Thus, it is better to think of polynomials as
tuples (ao, at,...) of which at most finitely many terms are nonzero, with addition and multiplicationd defined in
the conventional way. Thus, polynomials aren’t functions, but they determine functions. One can get away with
thinking of them as functions in Q or IR, however.

If ¢ : A — B is a ring homomorphism, then Ker(¢) = {a € A | ¢(a) = 0} is a two-sided ideal of A. Given a
two-sided ideal I of A, the ring of cosets (or quotient ring) A/I can be formed. Of course, if A is a commutative ring,
then any left or right ideal of A is a two-sided ideal.

Some common examples of fields include Q, R, C, [F,, for a prime p, and K(x), where K is a field, the rational
functions over K. As with the ring of polynomials, the field of rational functions is best thought of as equivalence
classes of tuples: a rational function is a tuple f = (p, q), where p, q € K[x] and q # 0, and two tuples (p, q) and
(p’,q’) are equivalent if there is a r € K[x] such that pr = p’ and qr = q’ (or vice versa). This set of equivalence
classes forms the field K(x), and in many cases this is the set of rational functions f(x) = p(x)/q(x).

Definition. A skew field or division ring is a noncommutative ring in which every nonzero element has an inverse.

The most common example of a skew field is the quaternions H = {a + bi + ¢j + dk}, where i* = j2 = k? = —1
and ij = —ji =k, etc.

Definition. A ring A is an (integral) domain if whenever ab =0 for a,b € A,thena=0o0rb =0.

For example, Z/127.is not a domain.

In a PID, every ideal is principal (i.e. generated by a single element: I = (a) ={ra | r € A}). Note that Z[x] and
QI[x,y] aren’t PIDs: consider the ideals (2,x) and (x,y), respectively.

If K is a field, then K[x] is a PID (sometimes called a principal ring), like Z, which lends nice properties to the ideals.
This is true because of the Euclidean division algorithm, which allows computation of division with remainder. For
example, if I C Z (or K[x] with K a field) is an ideal with I # (0), then it is possible to pick an m € I\ 0 such that |m| is
minimized. Then, I = (m), using the Euclidean algorithm.
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3. Review oF Maru 120 II: HArvESTING CONSEQUENCES: 1/11/13

Suppose Ris a ring. Then, R* = {r € R | 3’ € R such that rr’ = 1} (note that this is equivalent with v'r = 1). The
elements of R* are called (multiplicatively) invertible elements. R* is a group under multiplication in R.

For any ring R there is a unique homomorphism Z L R:@(1) =1k, s0 @(n) can be determined for any n € Z.
Then, Ker(¢) is an ideal of Z, so Ker(@) = (0) or Ker(¢@) = (n) for some n € IN.

Claim. If R is an integral domain, then n = 0 or n is prime.

Proof. If n = km = 0 in R, then either k = 0 or m = 0 in R (since R is an integral domain), so k € (n) or m € (n).
Thus, by definition, n is prime. X

The characteristic of a field or an integral domain is

0, Ker(p)=(0)

p, Ker(o) = (p).
Corollary 3.1. If Fis a finite field, then Char(F) = p, so |F| = p™ for some m € IN.

Char(F) = {

Proof. If Char(F) =0, then Z % Fisan injection, which is impossible if F is finite. Thus, ¢(Z) =F, C F,soFisa
[F,-vector space, so F = [ [i, IF,, for some m € IN (since it is generated by a basis). ®

If p is prime, then Z/pZ = IF,, is a field: consider some k € IF, and the group homomorphism IF,, — [F,, given by
a — ka. This is injective, because if km = 0 mod p, then p | km, so p | m (since 0 < k < p and p is prime). Thus,
m = 0 mod p. Hence, this map is also surjective, since it is an injection from a finite set into itself.

Since it is a bijection, there exists a ke IF, such that kk~! = 1. Thus, F,, is a field.

If I,] € A are ideals of the commutative ring A, then one can define their sum and product:

I+J={a+blaeLbel}

n
II: {Zriaibi di € I’bi EI }
i=1

i€ AanelN
In the latter definition, the finite sums are necessary to ensure that the resulting product is closed under addition;
otherwise, the product of two ideal elements might not be reachable via addition. Then, these are both ideals of A,
along with INJ.

Definition. Anideal P & A is prime if ab € P implies one of a € P or b € P. (Equivalently, ab = 0 mod p implies
a=0orb=0modp.)

Another characterization of prime ideals is that P C A iff P/A is an integral domainﬁ
Definition. Anideal Q C A ismaximalif Q G Aandif Q C Q’and Q' C Aisanideal, then Q = Q' or Q' = A.

There are two equivalent characterizations:

e Qismaximalif Q G Aandifa ¢ Q, then Q+ (a) = A.
e a ¢ Q implies there exists an  such that ar = 1 mod Q, so A/Q is a field.

For example, (x,y) C Qlx,y] is maximal, so Q[x,yl/(x,y) is a field (in fact, it's isomorphic to Q). However, Q[x, yl/(y)
is an integral domain that isn’t a field, since (y) is prime but not maximal (notice (y) C (x,y)).

In a PID, nonzero prime ideals are the same thing as maximal ideals and as ideals of the form (p) where p is an
irreducible element (i.e. p is nonzero and noninvertible, and if p = rs then one of r and s is invertible). If A = F[x] is a
field, then A is a PID, and if E D F is a field extension, then there is a unique ring homomorphism F[x] % E for a
given o € E such that

(a) = a aeckF
Pla)= «, a¢F
For example, @(2x? + 3x3) = 2a? + 3. Then, either Ker(¢) = {0} or Ker(¢) = (g) for a unique irreducible, monic

g € Flx]. In the first case, « is called trascendental over F (as, for example 7 over Q), and Im(¢) = F[x], so E is
infinite-dimensional over F. Otherwise, « is called algebraic, and |E : F| is finite.

This depends on a convention in which {0} is not an integral domain.
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4. ExTtENDING FIELDS BY ADJOINING RooTs oF IRREDUCIBLE PoryNomiaLs: 1/14/13

First it will be helpful to recall some reminders from previous lectures and Math 120:

(1) Suppose E is a field and f € E[x]. If « € E is a root, then f(x) = (x — «)g(x) for some g € E[x] with
deg(g) = deg(f) — 1. This is because for any « € E (not necessarily a root), the Euclidean algorithm gives
f(x) = (x — «)g(x) + r, with r constant.

(2) A monic polynomial in Z[x] has a rational root iff it has an integral root, and any integral root divides the
constant coefficient: if f(x) = } " ; aix' € Z[x] and 0 = f(r/s), then multiply by s™ to show that s = =1
using unique factorization and the fact that r/s must be in lowest terms.

This trick can be quite useful: consider f(x) = x3 — x + 3 € Z|x]. Thanks to this result, the only roots that
have to be checked are 1 and 3. Since these aren’t roots in Z[x], then f is irreducible on Z[x] and even on
Q[x], because if f had a rational root, then it would have a linear root, and because since deg(f) = 3, then it
must have a root iff it is reducible.

(3) A monic polynomial f € Z[x] factors in Z|[x] iff it factors in Q[x].

(4) F, = Z/pZ and F[x]/(g) (Where p € Z is prime, Fis a field and g € F[x] is irreducible) are both fields, because
PZ and (g) are maximal ideals in the Euclidean domains Z and F[x], respectively.

Actually computng inverses in these fields seems unpleasant, but using the Euclidean algorithm makes
things easier by efficiently computing gcds: if Aisa PID and a,b € A, then (a,b) = (d) for some d € A, and
onewritesd | aand d | b. Then,ifc | aand ¢ | b, then c | d, because d = ra + sb = ruc + sve = (ru + sv)c for
some T, S, U,V € A.

If p is irreducible in Z and 0 < a < p, then (a,p) = (1) = Z, so (p) is maximal and a ¢ (p). Then, if
ar+ps =1inZ, then ¥ = (a)~' € Z/pZ (where bars denote conjugacy classes). This also works in a
polynomial ring: if g is irreducible of degree m in F[x] (where F is a field), then for some a(x) # 0 with
deg(a) < deg(m), (g, a) = (1) = Fx]. Then, the Euclidean algorithm gives sg + ra = 1, yielding the inverse
precisely as before.

For example, g(x) = x> — 2x — 2 € Q[x] is irreducible, so Q[x]/(g) = {a + bx + cx? | a,b,c € Q} ~ Q(0),
where 0 is a root (any root) of g (and in fact 1l that is known about 0 is that 63 = 20 + 2). Then,
(a+bx+cx?)~" =p+ qx + rx? for some p, q, 7 € Q, and

pla+bx+cx?) + qlax 4+ bx? + ex?) + r(ax? + bx® + ox?) =1,

but x> = 2x + 2, allowing the equation to be simplified and solved as an equation of 3 unknowns. This is ugly
but solvable, and can be easier than using the Euclidean algorithmﬂ

Suppose F C F[x]/(g) ~ Fload. If F C E as fields with « € E, then g(«) = 0 (in some sense, there is a field in which g
has a root).

Consider FF7 and g(x) = x> — 2 € F7[x]. g is irreducible over [F; (which can be checked by a brute-force check: the
only cubes in [F7 are 0, £1), but a larger field IF7[x]/(g) contains a root. This field is a 3-dimensional vector space over
F7, so it has size 73 = 343 and is F75 = FF343.

0 0 2
There is an alternate view involving matrices: if A= [ 1 0 0], then A3 =21 € M3(F7). Every (finite) matrix
01 0

over a field has a minimal polynomial; for A, this is g. So, philosophically, the root of some irreducible polynomial in
F7 doesn’t make that much sense (what is it, exactly?), but as matrices they do seem a bit more concrete. Then again,
this isn’t completely satisfactory either, even for Dr. Brumfiel, so whatever floats your boat.
If F C F[x] =E, g € Flx]isirreduciblein F, and g(«) = 0, thenin E[x], g(X) = (x —«)h(x), with deg(h) = deg(g) —1.
Then, h may be irreducible in E, which calls for adjoining another root {3 to F, such that h(f) = 0 in Fl«, B]ﬁ
This is a problem, however, if h isn’t irreducible. In the general theory, any g € F[x] (not necessarily irreducible)
can be factored as
3
gx) =] [a:®
i=1
for some irreducibles g; with roots a4, ..., k. Thus, g1(x) =
etc.
This procedure is repeated at most k times, leading to:

(x — 1) hy (x) in Fleq][x], and then repeat with hy (x),

3There are two alternative approaches: the time-old “just stare at it for a minute” algorithm, which of course has a complexity of ©(1), and the
brute-force solution of trying every rational number, which is at least guaranteed to terminate, since Q is countable.
4Dis’cinguishing between Fla] and F(cc) (i.e. adjoining as a ring or a field) only matters for transcendental elements: Q[ v/2] = Q( v/2), but
Q[7] # Q(7).
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Corollary 4.1. Given an arbitrary monic g € F[x] such that deg(g) = m, then there exist field extensions F, Fla1], Floq, ota],
.o, Floery .oy o] = K such that

over K.

These oy may be nondistinct (i.e. multiple roots). Also, K is generated over F by these roots as a vector space.

5. SpLitTING FiELDS AND ALGEBRAIC CLOSURES: 1/16/13

Field theory has applications in the classical problem of straightedge-and-compass constructions. Coordinates
(a,b) can be viewed as a + bi € C, and constructability can be given by starting with a constructible field F and then
taking successive degree-2 extensions of it. Thus, any constructible field satisfies

Q

2 2 2 2

Fy F2 E,

so|E: Q| =2m.

Thus, for example, v/2 ¢ E for any such E (since 3 1 2™), so it isn’t possible to double the cube. Similarly, trisecting
angles is in general impossible, because many sines and cosines aren’t degree-2 extensions. Squaring the circle is also
impossible, because 7 isn’t even algebraic over Q! It is also possible to consider constructing unit n-gons, but this
will be postponed for now.

Definition. Let F be a field and f € F[x] be monic with n = deg(f) > 1ﬂ Then, a field extension E D F is a splitting
field for f if:

)

n

f(X):H(X_“i)» o‘])---)(anE)
i=1
so that f factors linearly in E[x], and
(2) E=Flory..., xnl.
This definition doesn’t require f to be irreducible in F, but that is the main case of the definition.

Theorem 5.1. Splitting fields exist and are unique; specifically, with f € F[x] as given in the definition, there exists a splitting
field E of F, and if E and €' are two splitting fields of f € F[x], then there exists an isomorphism ¢ : E — £/ such that ¢|r =Id
(ie. (a)=aforall a € F).

~/

“If some alien comes down and shows us a splitting field, and we say ‘we have one too,” and hEE] says no, it’s
different,” well, not really.”

Proof of existence for Theorem Construct F——F[ot;] = Fy, where « is one of the irreducible factors of f in F[x].
In Fy[x], f(x) = (x — &1 )f1 (x) for some f; € Fy[x] with deg(f;) =n—1.
Thus, by induction, there exists a field extension E D F; that is a splitting field of f; over F;. Thus, f also factors

linearly over E. g
Uniqueness is harder, and will be proven in the next lecture. The essential ingredient is to take E = Flots, ..., &y ]
and E' = F[B1,..., Bn] and establish an isomorphism ¢ : Fla] — F[B]. From there, induction can be applied.
Flal = = = E

_— 1
(@)
FIp) - - - E/

lTor2

For example, if f is an irreducible cubic over F[x], then F —3F[oq} E ; thus, a rational cubic with one real root

has a splitting field of degree 6, and if it has 3 real roots, the splitting field might be either degree 3 or degree 6.

5This last requirement is important in a lot of definitions and results, but people tend to forget about it, so be careful.
SShe? It?
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Proposition 5.2. If E splits f € F[x] (where deg(f) =n), then |E : F| | n! (in particular, |E : F| < n!), and if f is irreducible,
thenn | |E: F|.

<(n—1

£, and n = [Floy] : F|[F : E|. Then, the
next extension splits a polynomial of degree n — 1, so by induction, |E : F| < nla

Suppose f = f1f, with deg(f1) = k, deg(f2) = ¢, and k + { = n, and suppose that f; is irreducible. Then, by
<(ﬂ—1t!

Proof. The second statement is easiest: in the first step, F — Floy]

induction, F —* Flay]

X

Exercise 5.1. Finish the proof by showing that |E : F| | n!.

There are plenty of examples that illustrate that the upper bound of n! is not tight: for f = x> — 1, let { be one of
the complex roots of unity; then, f factors as

X —1=(x=1)x=0QKx—)(x—C)x—",

but the splitting field only has degree 4, not 24.

The existence and uniqueness of splitting fields is an extremely powerful result that will be used frequently
throughout the course.

Turning to algebraic closure, there are two related notions which share the name, so it will be helpful to be careful:

Definition. A field E is a algebraically closed if one of the following three equivalent conditions is true:

i. Every g € E[x] has a root in E (that is, if g is nonconstant).
ii. Every g € E[x] factors linarly in x: there exist a1, ..., oy € E such that

n

g(x) = [ J0x — ).

i=1
iii. There are no proper extensions of E: if E——E’ is algebraic, then E/ = E.

By induction, it is straightforward to show[i] = [} and the converse is trivial. Then, [iiflimplies | because it forbids
the existence of irreducibles in E[x], and = if there are proper extensions E C E[f] C E/, such that the first
extension is of degree d > 1, then {3 is the root of an irreducible of degree d, which isn’t possible.

The other notion is as follows:

Definition. If F is some fixed field and E D F is an extension, then E is an algebraic closure of F if every f € F[x]
factors linearly in E[x] and E is algebraic over F.

Later on in this class, it will be shown that C is algebraically closed (i.e. the Fundamental Theorem of Algebra).
However, C is not algebraic over Q, so it’s not an algebraic closure of Q.
6. SEARCHING FOR CLOSURE: 1/18/13

Theorem 6.1. IfE D Fis a field extension, E is algebraic over F, and every f € F[x] factors linearly in €, then E is algebraically
closed.

Proof. Here is a useful observation:

Claim. If F C K C Lis a tower, K/F is algebraic, and L/K is algebraic, then L/F is algebraic (i.e. every element of L is
algebraic over F).

Proof. Let 3 € L, so that ™ + oy B 4+ ... + a, = 0 for some «1,...,x, € K. Now consider
Flory ..., 00] €K 5

P T

Floery ooy, 1 C L

\3/4

Clearly, 1, 2, and 4 are finite-dimensional extensions, so 3 must be as well. X

This result was completely trivial for finite-dimensional vector spaces, but there exist infinite-dimensional

extensions, such as Q( V2, V2, v/2, V/2,...) over Q.



Now, suppose F——E ——E[p] is a tower of algebraic extensions for some f3 that is algebraic over E, so that

the theorem is proved if 3 € E. Then, f is algebraic over F, so f($) = 0 for some f € F[x]. In E[x], f factors linearly as
f(x) = [](x — a1) with o; € E, soin E[B],

0="F(B) =] [(B— ),

so 3 = oy for some j. =

Corollary 6.2. Suppose F C L is field extension and L is algebraically closed. Then, F = {y € L | is algebraic over F} is an
algebraic closure of F, so F is algebraically closed.

Exercise 6.1. Prove this. The basic structure is to show that every monic f € F[x] factors linearly in F, since it is
already known to work in L, and thus all of the roots of f must lie in F.

Example 6.1. The main example in this class is Qﬂ so consider Q C C. Later on in the course, it will be shown that C
is algebraically closed. As a corollary, there is an algebraically closed field

Q ={z e C|f(z) =0 for some f € Q[x]}
and Q is the algebraic closure of Q.

As another example, if «, B are algebraic over a field F, then « + B, «f, and y = o + 2af + B’ (for example) are
all algebraic over F. Why is this?

Here is a “proof by magic:”
1

N

Here, 1 and 2 are finite-dimensional algebraic, so 3 must be as well. This is an example of how powerful Proposition[.1]
is.

There are other ways of constructing algebraic closures of a field F, but if F is uncountable, then some sort of fancy
set theory (e.g. Zorn’s Lemma, transfinite induction, or well-ordering) is necessary. Specifically, the book uses Zorn’s
lemma to prove that every commutative ring has a maximal ideal and therefore that every field has an algebraic
closure.

If F is finite or countably infinite, then F[x] is countable, so every (nonconstant) polynomial can be enumerated as
{f1,f2,...} = F[x], so the infinite tower

2

/

F

Flo] Fl, ]
Fly]

F—F F2

such that Fj; is the splitting field for f; € F;[x]. Then, [ J;~; F; is an algebraic closure of F:

e This is a well-defined field, since Fi, 1 D F;, and if a and b are two elements of this field, there is an Fy such
that a, b € Fy, so their sum, product, and inverses all exist and behave nicely.
o Additionally, it is algebraically closed because any polynomial is in Fy[x] for some k, so it factors linearly in
Fiq1[x].
Even if one had no conception of C, this illustrates that an algebraic closure of Q at least exists. It might seem more
obvious to take the union of every splitting field, but this creates set-theoretic issues: one might define an element
pig such that pig? = 2, and then how is one to distinguish Q( v/2) and Q(pig)?

In order to prove the uniqueness of an algebraic closure of a field (up to isomorphism; see the previous lecture),
the key step is to prove the uniqueness of the splitting field of a single polynomial up to isomorphism. Again the
uncountable case requires some set-theoretic hijinks to make everything work, and the proof proceeds by induction
on the degree of the polynomial f € F[x]. Specifically, it requires a somewhat stronger statement:

Claim. If ¢ : K; — K; is an isomorphism of fields, then it induces a ring isomorphism ¢ : K;[x] = K;[x] given by

n n
Z aix' — Z e(ai)x
i=1 i=1

such that:

i. if p € K1[x] is irreducible, then @ (p) € Kz [x] is as well (since ¢’

is also an isomorphism).

"When Professor Galatius mentioned that irreducibles in Q[x] were “interesting” in Math 120, this was probably part of the reason.
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ii. If p € Kq[x] is irreducible and « is a root of p in a field containing K and o’ is a root of @(p) in a field containing
K3, then @ extends to an isomorphism 1 : K; [&] — K;[e'] such that (o) = o'

K4 K[«
wlz ﬂ)lz
Kz Ka[a'],

because K [of =~ Kq[x]/(p) =~ K2 [x]/(@(p)) =~ Kz[oc’]ﬂ

Thus, if F; and F, are splitting fields of f = pq € F[x], with p irreducible on F, then let « be a root of p in Fy and o’
be a root of p in F,. Then,

Fl«f Fq
F/ J{

(RN
\

Fla] F,

even though as sets, F; and F, might be completely unrelated, for some ¢ # Id. Then, write
f(x) = (x —)g(x) € F1[x]
f(x) = (x — a')h(x) € F2[x]

and do something similar, leading to induction. Since g splits in F; and h splits in F,, then the same isomorphism is
induced, and h = @(g) over Fla'].

7. SEPARABLE FiELD ExTENSIONS: 1/23/13

Suppose F € K[x] is a monic polynomial with degree n. In a splitting field F C E = F(«1,...,an) we have
f(x) = []iZ;(x — «;). One can ask whether these roots are distinct, which is not always the case (as with
x* +2x% +1 = (x? + 1)? € Q[x], which splits in Q(i) as (x +1)%(x — 1)?).

Definition. If deg(f) = n and f has n distinct roots in a splitting field, then f is a separable polynomial.
Of course, this is most interesting when f is irreducible.
Definition. o € E is a root of multiplicity m > 1if f(x) = (x — a)™h(x) in E[x] with h(«) # 0.

Some multiplicities have special names, such as double roots or triple roots.

From calculus, f'(o) = 0 if o is a multiple root (over R, anyways). This is in fact the answer: though limits make
no sense in this algebraic setting, the derivative of a polynomial can be defined to be a map ()’ or & : F[x] — F[x]
such that

n n
f(x) = Z ap) > f/(x) = Zjajxj_1.
j=0 j=1
This can be defined as the F-linear map such that %(xk) = kx*~', which then forces the rest of the formula.
Additionally, one obtains the product rule (fg)’ = f'g + fg’.

If F C Eis any field extension, then f € F[x] C E[x], so the derivative is the same. But if f is irreducible over f, it
might not be over E, so one might be able to use the Product Rule to learn more. Thus, if f(x) = (x — o)™ h(x), m > 1,
and h(e) # 0in E[x], then f'(x) = m(x — &)™ "h(x) + (x — «)™h’(x) (which does involve a little more care with the
definition of the derivative). Then:

e If m =1, then f'(&) = mh(a) = h(x) # 0.
o If m # 1, then f'(«) = 0, as both terms go to zero.

Corollary 7.1. f is separable if f and ' have no common roots in a splitting field of F.

This can be reformulated as: f is separable iff gcd(f,f’) = 1 in F[x]. This is nicer because F is generally better
understood than its splitting fields and because there may be an algorithm for computing the greatest common
divismﬂ in F[x].

From Math 120, if the greatest common divisor is 1, then Af 4+ Bf’ = 1 in F[x] for some A, B € F[x]. Thus, there
can’t be any multiple roots (if there were such a root «, then A(o)f(o) + B(a)f’() = 1 = 0). In the other direction, if
the greatest common divisor is not 1 (i.e. it is nonconstant, since it’s defined up to multiplication by an invertible

8This relies on a fact from Math 120: if @ : R = Sisaring isomorphism and I C Ris an ideal, then R/1 — S/ (I).
9. .is this not the case in any Euclidean domain?
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factor, which is just a constant), then ged(f, f’) = r # 1. Then, the splitting field for f contains the roots of r(x), and
these are roots of both f(x) and f’(x)li%]

If f € Fx] is irreducible of degree greater than 1, then it seems reasonable that gcd(f, f') = 1. Butit’s in fact slightly
trickier than that: if Char(F) = 0, then this is in fact the case: if f is irreducible, then f and f/ have no common factors
in F[x]. Thus, if Char(F) = 0, then all irreducible polynomials are seperable.

If Char(F) = p, then % (xP) =pxP~! =0,s0 ged(f,0) = f (since 0 is a multiple of anything). Thus, if f is irreducible
and f’ # 0, then f is seperable. f’ = 0 exactly when f(x) is a polynomial in xP (i.e. f(x) = h(xP)).

Example 7.1. Let F = [F,(T) for some indeterminate T and let f(x) = xP — T. This is irreducible in F[x] (which is
non-obvious), but f/(x) = 0.

What if [F| = p™ is finite? Then, everything is fine:
Definition. If K is a field with Char(K) = p, then the Frobenius homomorphism is K 5K given by o(a) = aP.

This is a field homomorphism: it’s clear that 1? = 1T and (ab)? = aPbP, but (a+b)P = aP +bP as well, which looks
like some 9t'—grader’s mistake. However, it is verified when expanding out with the Binomial Theorem: everything
with a coefficient of p vanishes, leaving these two terms. This is sometimes known as the Freshman’s Dream.

Consider a polynomial f such that f'(x) = 0: f(x) = Z?:o b;xPI. Then, the Frobenius homomorphism shows

that all of the bj = af € F, and f itself is equal to (Z?:o a;x) ) " Thus, if F is a finite field, then every irreducible
polynomial is seperable.

It’s possible to go even further: if Char(F) = p, then let g(x) = xP" —x € F[x], so that g’(x) = —1. This is seperable,
even though it’s very reducible. Thus, if E D F is a splitting field for g, then consider the set K = {« | «P" = «f,
or the set of roots of g. There are p™ such roots, and because of the Frobenius homomorphism, K is closed under
addition and multiplication. Thus, K is a field of size p™ (which is a nice surprise, since the roots of a polynomial
don’t generally form a field) and g(x) = f; (x — o) for some distinct o;. In particular, K is the splitting field of g!

This is a key step in the proof that finite fields of order p™ exist for any prime p and n € IN.

8. FiniTE F1ELDS AND RooTs or UNiTy: 1/25/13

First, a summary of some finite field results:

I. Suppose Fis a field with [F| = p™, with p prime. Then, F* = F\ 0 is a group under multiplication; [F*| = p™ — 1.
Then, a?"~! =1 for all a € F*, so the p™ elements of F are the roots of x?" — x. Thus,

xP" —x = H(x— a),
acF
so F is the splitting field of xP" — x over F, = Z/pZ.

II. LetE D FF, beasplitting field of xP" —x. Eis clearly finite. Then, consider the set of solutions of f(x) = xP" —x = 0.
This forms a subfield (because they are the result of n applications of the Frobenius homomorphism). Then,
f'(x) = —1, so f and f’ are relatively prime, so f is seperable. Thus, these p™ roots are all distnict and already
form the splitting field, so [E| = p™.

Thus, every finite field is the splitting field of xP" — x over IF,, for various values of n and p. But because of
the uniqueness of splitting fields, all fields of order p™ are isomorphic.

II. If K is any field and G < K* is a finite multiplicative subgroup, then G is cyclic Thus, if [F| = p™ is finite, then
Fr = Z/(p™ —1)Z (i.e. is cyclic) and write F* = (a | aP"~! = 1). Then, considering the extension F,, (a) D FF,,,
the minimal polynomial of a has degree n (since this is the degree of the dimension of the vector space). Thus,
F ~ IF,[x]/(g) for any irreducible g € IF,[x] of degree n (since all finite fields of the same size are isomorphic).

IV. If m <n, whenis F, C F,m C F,n? Looking at vector space dimensions,

n

A

3%

m

so it is necessary that m | n. It turns out this is also sufficient: if d | n, then IF,a C IF,,». Here’s an elementary
proof: since d | n, then xPY —x|xP" —xin F,[x]. Thus, in Fyn,

—x = H (x—a)andxpd—x: H (x —b),

acF,n PP elements of IF,n

n

xP

10 Another way to view this is that if « is a root of r, then f, ¥’ are multiples of r in some field, so f(«) = ' () = 0.
UFora proof, see Math 120 or the handout.
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d . .
so xP" —x has all of its roots in F,n.

There’s a different proof that involves the Frobenius automorphism IFp» - IF,«. Taking the fixed elements of
o forms a field of order p9.

Definition. A root of unity in a field K is an a € K such that a™ = 1 for some n € IN.

If n is fixed, these are the roots of x™ — 1. For K = C, these roots can be more easily be understood because they can
be “seen,” but in any K, the solutions of x™ — 1 = 0 form a cyclic group under multiplication.
It’s also worth asking how x™ — 1 factors over the prime field Q or IF, || Here are some examples:

2 —1=(x—-1)(x+1)
X—1=x—-1)x*+x+1)
X 1= =1 +1) = (x=Nx+1)x"+1)

Sometimes weird things happen, though: on IF3, the Frobenius isomorphism shows that x3 — 1 = (x — 1)3, which is
not seperable.

Any a such that a™ = 1 satisfies a? = 1 for some minimal d | n (which is a fact of elementary group theory). n
isn’t necessarily the smallest value (as in 17 = 1). Then, d is the order of the group of solutions to x™ — 1 = 0.

Over Q (or any field with characteristic 0), x™ — 1 is seperable, so there are n roots in the splitting field. Thus, the
roots can be grouped according to their order:

x"—1= ] ®alx) € ZK,where®q(x)= [] (x—a).
1<d<n ad=1
din d is the order of a

This seems a bit abstract (for example, it’s not at all clear why they have integer coefficients), but here are some
examples: @1(x) =x—1, Dy(x) =x+1, D3(x) =x* +x+ 1, D4(x) = (x —1)(x +1) = x? + 1, etc. In the general case,
by induction on the division algorithm division by a monic polynomial in Z[x] stays within Z[x], which eventually
implies that all of the @, (x) have integer coefficients.

If n = pis prime, thend =1 ord =n, so

p—1 p—1
xXP—1=(x—1) ij :>CDp(x):ij.
j=0 j=0

Using the Gauss Lemma, one can determine whether these @ 4(x) are irreducible in Z[x] and Q[x]: if d = p, then

D,(x) = "::1] and

(x+1P =1  xP4+pxP T+ 4 px 1 _
o) 1) = = =P 2 e,
plet1) x+1-1 X X pxE et

This latter polynomial is irreducible by Eisenstein’s criterion.

Example 8.1. Consider ®7(x) = x® + x5 + x* + x> + x> + x + 1 € Fz[x]. One can check that this is equal to
(x3 +x2 + 1)(x3 + x + 1) and that both of these are irreducible. Nonetheless, ®(x) is irreducible over Q, illustrating
some of the nuances involved here.

There are many proofs of most of these things (including that ®,,(x) is always irreducible over Z[x]). One of them
uses the finite fields and unique factorization in IF, [x].

The degree of @, (x) is the number of primitive roots of unity, @(n) ={1 <j < n | ged(j,n) = 1}, or Euler’s
@-function.

9. INTRODUCTION TO GALOIS THEORY: 1/28/13

Recall that
x"—1= [ ®ax) €z,

1<ds<n
din

where the roots of ®4(x) are those ¢ such that (¢ = 1, but (¢ # 1 for 0 < e < d (i.e. the primitive d! roots).
deg(®n(x)) = @(n) =[j |1 <j < n,gcd(j,n) = 1}|. Thus, ,, = e?™/™ is a primitive n' root of unity and ¢, is a
primitive n' root of unity iff gcd(n,j) = 1 (in general, it's a primitive k = n/(j, n)! root, of order k in the group).

12Every field contains a copy of either Q or [Fp,.
11



The book gives a good proof that ®@,,(x) is irreducible in Z[x] (and therefore Q[x]), but some things merit
clarification, so here is a proof sketch: suppose @ (x) = f(x)g(x), where f is the minimal polynomial of { = ;,. Then,
one can show that if p f n for a prime p, then (P is also a root of f(x), so f(x) has ¢(n) roots, and g is constant. This
depends on a couple key facts:

(1) If Cis any root of f(x), then so is (P when (p,n) = 1.

(2) If f(CP) # 0, then g(CP) = 0, since (P is certainly a primitive root. Then, it is helpful to reduce everything
modp.

(8) x™—1 has np repeated roots modp, since it is coprime to its derivative, so @, (x) has no repeated roots either,
since it is a factor of x™ — 1.

It's now pretty clear that constructing the regular n-gon is possible iff it’s possible to construct {,,. If n = q7' ... q¢*
is the prime factorization, then

o) =]Taf "(qi—1),
i=1

since if (m,n) = 1, then ¢(mn) = ¢(m)e(n). Then, ¢, is constructible if ¢(n) is a power of 2, so all of the q; must
be Fermat primes: q; =1+ 2%,son = 2°q; ... qs. However, there are only five known Fermat primes: 2, 3, 5, 17,
and 65537. There might be more.

Moving into Galois theory proper, the basic idea is that if K O F is a field extension, then there is a group Gal(K/F),
the group of field automorphisms that fix F (i.e. Gal(K/F) = {0 € Aut(K) | off = Id}), with group operation of
composition.

Example 9.1. Suppose F — 2K =F(«) (ie. a degree-2 extension), so that K is the splitting field of some irreducible

quadratic x? + ax + b € F[x]. Assume this polynomial is separable and the other root is § # «. Then, a + = —a,
and there are two automorphisms: « — « and « — . Thus, Gal(K/F) is cyclic of order 2. These automorphisms can
be easily explicitly written using the quadratic formula unless Char(F) = 2.

If Char(F) = 2, then irreducible quadratics still exist (such as x* +x + 1 € F2[x]). In general, x> + ax + b has 2
roots if a # 0. Otherwise, x? + b = (x + B)? somewhere and the Galois group is trivial.

@(n)

Example 9.2. Consider the cyclotomic extension Q Q(Cn) and let ¢ = . This extension is the splitting

field of @, (x) = ]_[(j’n):1 (x — ). Thus, for any automorphism ( 2 ¢) for some j such that (j,n) = 1, and all
such automorphisms are legal. Thus, | Aut(Q((,)/Q)| = @(n), but also ¢ 0 05 : { — 0%, s0 04 0 0j = 0j¢. Thus,
Aut(Q(Cn)/Q) =~ (Z/n)* (i.e. the multiplicative group of invertible elements modn).

For example, if n = p is prime, then (Z/p)* ~ Z/(p—1) (cyclic of order p—1) and the generators are called primitive
roots: (Z/p)* ={1,a,a?,...,aP~?}for somenice a. For odd primes, (Z/p™)* is cyclic of order p™ —p™~!, but this fails
forp =2: (Z/8)* ={1,3,5,7} ~ Z/2 x Z/2, the Klein-four group. In general, forn > 3, (Z/2™)* = Z/2 x Z/2™2.

Observe that Aut(Q(¢n)/Q) is abelian. This is pretty, but not always the case: suppose f € F[x] is an irreducible,
seperable cubic. Then,

F 75 = F(oer, a2, a3)
F—Flor)
where k is either 1 or 2. If [K : F| = 3, then there are 3 automorphisms and he group is abelian, but if [K : F| = 6, then

Aut(K/F) = S3, since they can be thought of as permutations of the roots and because the total number is 6:

, Flog) 2—K
F - G\Lz Glz
I
F(O(j) —K
Thus, each o on F(w;) has 2 extensions and therefore there are (3)(2) = 6 choices.
12



10. Gavrois THEORY OF SEPARABLE FieLD ExTENsIONS: 1/30/13

Here’s another proof that (fg)’ = f'g + fg’, due to Brian Conrad: by the Binomial Theorem, (x + h)P? =
x™ 4+ h(nx™ 1) 4+ h?(stuff), so

f(x +h)g(x + h) = (f(x) + hf’ + h?(stuff))(g(x) + hg’ + h?(stuff))
=f(x)g(x) + h(f'g + fg’) + h?(stuff),

where the middle term also has to be h(fg)’. Pre-Cauchy, people thought of all derivatives like this (i.e. in terms of
power series), until analytic functions were discovered.

If E/F is a finite splitting field extension (note that a normal extension means the splitting field of some family of
polynomials, even in some cases the algebraic closure), one might wish to count | Aut(E/F)|. This is fairly easy if
every element of E is separable over F. If F is finite or of characteristic O (or actually, if Char(F) = p, then this can be
slightly generalized to that every element is a p power), then this always holds.

For a first look at Galois theory, one cna look just at these cases, so that everything is separable. Suppose E D Fis
normal and S C Q is some algebraic closure of E and F. Then, any homomorphism E % Q such that @[ = Id must fix
E: @(E) = E, since if a € E is a root of an irreducible g € F[x], then all of the roots of g are in E (since the coefficients
of g, which are in F, are fixed). If E is finite-dimensional, a vector-spatial argument offers an alternative proof.

Theorem 10.1. More generally, if K/F is any finite extension (and therefore assumed to be separable), then the number of ¢

such that
F—K
\ A
Q

and @lr = 1d is [K : F|. Thus, if K is also normal, then | Aut(K/F)| = |K : F|.
Proof. Write K = F(ay,...,an). Then,

—Fahaz) -« —Flag,...,an) =K
\téf/

The Fundamental Principle of Counting states that if a process takes n steps and step i has d; options, then the total
number of options is d; - - - d. Using this, the total number of possible ¢ is d;, since a; is mapped to any root
of its minimum polynomial over F. Repeating for ¢, ¢, (a,) is any root of ¢1(g2(x)) € @(F(a)[x]), where g is the
minimum polynomial of a,. Continuing onward, the total number of ¢ is d; - - - d, = |K: F|. =

Most of Galois theory can be traced back to that if f € F[x] is irreducible and a and b are roots of f, then F(a) = F(b)
through an isomorphism that leaves F fixed.

Remark. If K/F is separable (or even if K is generated by separabl ai,....an), the same proof shows that the size
of the automorphism group is [K : F|. If E/F is a finite normal seperable extension, then it is called a finite Galois
extension, and one writes Gal(E/F) = Aut(E/F) for the Galois group.

If f € F[x] is seperable, the Galois group of f is Gal(E/F), where E is the splitting field of f. For example, the Galois
group of @, (x) € Q[x] is isomorphic to (Z/n)*, as in Example

Suppose F = IF»(T), where T is some indeterminate/ | and suppose that T isn’t a square in F2[T]. Thus, x% is
irreducible over F, so add a root v, so that x> — T = (x — y)? € Fly][x] by Eisenstein. Thus, the Galois group is trivial,

eben though F 2 E , and this can be generalized to x™ —T.

Returning to the seperable case, if F C E = F(as,...,a,), where a1, ..., a, are distinct roots of some nth-degree
f € F[x], then every ¢ : E — E must permute these a;, so Gal(E/F) < Sy, the symmetric group (up to isomorphism).
Thus, |Gal(E/F)| | n!

If f is reducible, then Gal(E/F) < S, (some of the isomorphisms aren’t possible; for example, in f(x) =
(x? + bx + ¢)(x3 + dx? + gx + h), the roots of the quadratic can’t be sent to the roots of the cubic). If, however, f is

13An element a is defined to be separable if its minimal polynomial is separable.
1This is the field of rational functions over Fp: P(T)/Q(T), with P, Q € F2[T] and Q # 0, though viewing them as functions isn’t always
ideal, for the same reasons as discussed for polynomials previously.
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irreducible and seperable of degree n, then
F—Fla;)— -+ —E
®1 /
\ f
E
and there are n choics for ¢ (i.e. for ¢(a;)) because f is irreducible, so any root can be sent to any other root. Thus:
I. n||Gal(E/F)|=|E: F|,and

II. the Galois group is a transitive permutation subgroup of Sy, (that is, given any as, a;, there exists a ¢ € Gal(E/TF)
such that ¢(a;) = aj ), or the induced group action has only one orbit).

it’s hard to say much more than this; if C is a root of ®4(x), then Q(()/Q requires ¢(¢) = (' for some i such that
(i,n) = 1, which determines the options for all of the other roots.

11. SmaLL DeGreEes anDp Finite Fievps: 2/1/13

Suppose that F C E = F(aq,..., ) is the splitting field of an irreducible, separable f € F[x], so that n |
|Gal(E/F)| = |E : F| and there is an injection Gal(E/F) — S,,, with the Galois group a transitive subgroup.

Example 11.1. o If n = 2, then the Galois group must be cyclic of order 2.
o If n = 3, then the Galois group is either S3 or Az ={1, (12 3),(1 3 2)} < S3. The latter group is isomorphic to
C3 (the cyclic group of order 3, written multiplicatively).
Specifically, if F = Q and f has exactly one real root, then Gal(E/Q) = S3, since the first root has degree 3
and the remaining roots have degree 2.
o If n =4, it’s tedious but not hard to show that the Galois group is (up to isomorphism) one of five subgroups
of 542
- C4 =((1234)) (i.e. cyclic of order 4),
- Vu=22/2x27/2={1,(12)(34),(13)(24),(14)(2 3)(i.e. the Klein-four group).
— Dy, the dihedral group of order SE]
- A4 and S4, similarly to before.
It’s already hard to determine the Galois group in the cubic case, and it becomes harder here. Some specific

cases are simpler, however: if f(x) = x* + x> + x? +x + 1 = @s5(x) (so that its roots are (..., (4), then
|Gal(Q(C)/Q)| = 4 (as shown previously in the cyclotomic case), and in particular Gal(Q(()/Q) ~ (Z/5)* ~
Cy.

e For n =5, there are still only 5 options, including Ss, As, Cs, and Ds. Letting F = Q and f € Q[x] have exactly
three real roots, o(z) = z is a nontrival automorphism that is a transposition, so it can be written as (1 2).
There is also an element of order 5, since 5 | | Gal(E/Q)| (by Cauchy’s Theorem). Thus, it has to be a 5-cycle
(12345). Ithappens that ((12),(12345)) =S5, so Gal(E/Q) ~ S5

Since S5 isn’t solvable, then these roots can’t be given by a formula with nested radicals, as will be shown
later.

Suppose F, ——FE = F, . In addition to the identity, we also have the Frobenius automorphism ¢(a) = a® for

a € Fyn. Iterating, o* =1d first when k = n, so |o| = n in Sy. (This is because aP" = a forall a € F,~, and since
F,» \ 0is cyclic, then that many iterations is necessary.) Thus, Gal(FFy» /IF,) = Cy.

If we stickinan IF,a (where d | n)as FF, L]F]Dd KIFpn , then Gal(IF,» /IF,,a) is the subgroup of Gal(IF,« /TF; )
consisting of permutations that fix IF,a (on top of just IF,). Then, Gal(IFyn /IF,a) = C /g < Cy, and it is generated by
0? (as a check, this does give the right order). Then, (04)™/¢ =1d, and 0¢(x) = xP¢, so this fixes Fa.

Much of this involves writing enough properties of the group to completely characterize it (e.g. if the Galois group
is nonabelian and of order 10, then it must be D), rather than writing down a big multiplication table (which is

O(n?) memory anyways).

Definition. Compare F,, ——L ——IF,~» (subgroups of Gal(FF,» /IF,) ~ C,); thee is a one-to-one correspondence

between H < Gal(F,~/IF,) and L ={x € E | hx = x for all h € H}. Lis called the fixed field of H, and is sometimes
written E". (This definition is valid in any normal, separable, finite extension.)

15There are multiple copies of V; inside Sy, but the requirement of transitivity restricts the options.
16Similarly, there are multiple such subgroups; however, since they are the Sylow-2 subgroups, they are all conjugate.
This argument works for any prime p and a polynomial with p — 2 real roots and 2 complex ones.
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For example, if f is a 5!"-degree polynomial with three real roots r1, 72, 13, then if H is the subgroup generated by
conjugation, then EM = Q(ry,12,73).

Going the other way, it’s possible to start with a subfield L and assign a subgroup H; = {0 € Gal(E/F) | ox =
x forall x € L} = Gal(E/L) < Gal(E/F). Since E/F is Galois, then E/L is too (after all, it's a splitting field and
separable).

The Fundamental Theorem of Galois Theory will be stated here, but proved later, in several chunks.

Theorem 11.1 (Fundamental Theorem of Galois Theory). The correspondences above are bijective: if L = EH, then
Gal(E/L) = H, and if H = Gal(E/L), then E" = L.

As a minor digression, suppose K/F is a seperable algebraic extension of degree m. Then, the minimum polynomial
for « = oy is f(x) = (x — 1) ... (x — &n) which has roots o7 («), ..., on(x), where the oj(«) are the distinct options,
called the conjugates of « in an algebraic closure Q. This allows the finding of minimum polynomials (e.g. v2+ /3
has four embeddings: & /2 + /3, which are all of the roots, and then the minimum polynomial is each linear factor
multiplied).

12. Tue THEOREM OF THE PRiMITIVE ELEMENT: 2/4/13

What is the number of field embeddings K %0 (where K/F is a field extension and () is an algebraic closure of F)
such that ¢|¢ = 1d?

F__N

NS

We know the following facts (which are review from previous section):

K

(1) The number of such embeddings is at most |K : F|.

(2) If K is seperable over F, then the number is exactly |K : F|.

(3) If Kis normal over F (i.e. the splitting field of some polynomial), then every ¢(K) is a splitting field of Fin Q
(and in particular, if K C Q then ¢(K) = K).

(4) Thus, if K/F is Galois (i.e. finite, normal, and separable) with K C Q, then Q is an algebraic closure of K,
every ¢ : K — Q is an automorphism of K that fixes F, and [K : F| = | Gal(K/F)|.

(5) If x € K C Q and K is separable over F, then the minimal polynomial for o over Fis f(x) = ]_[jd:1 (x — o),
where {a1,..., 04} is the set of distinct ¢ (o), where ¢ are the embeddings of K in Q. However, it is not
necessarily true that [F(o) : F| = [K : F|, though (we do know the former quantity is equal to d).

In order to understand the Fundamental Theorem of Galois Theory, it will be necessary to review Theorems 8 and 27
in chapter 13 of the textbook.
As an example of point let « =i+ V2 over Q. Then,

8
o\ . 4
Q Q(«) Q(i, v2)

(so that the last field is the splitting field) and ¢(«) = +i + V2. This gives eight possibilities, so the minimal

polynomial can be found by multiplying their linear factors together, and since |Q(«) : Q| = 8, then Q(«) = Q(i, V2).
“Proof” of point

Fd Flog ML
d
\ l A d
Q
There are d embeddings of F(a) — Q because of Theorem 8, and there are n/d of K into Q) by Theorem 27. This is
their real power. =

The next theorem, which will be important for proving the Fundamental Theorem, considers finding primitive
elements (i.e. generators) for a finite seperable extension.

Theorem 12.1 (Primitive Element). If K/F is a finite, seperable extension, then there exists an « € K such that K = F(«x).
This « is called the primitive element.

18This is a set-theoretic issue: it could be that Q) contains elements unrelated to K other than how the operation is defined, in which case
equality doesn’t really hold. However, it’s generally more useful to imagine K C Q.
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Proof. If |F| is finite, then this is trivial since K* = K\ 0 = (8) since it’s cyclic, so assume F is infinite, and consider
F(B,v), where 3,y are seperable over F. The goal is to show that F(3,y) = F(x) for some o = 3 + cy for some c € F,
or that if

f

a_F(B)

F(B,v)

¢ Fy)

then f < eand df = |F(B,vy) : F.
Suppose f31,...,Ba (with B = 1) are cojugates of p and vy =y with y1,...,v. as its conjugates, each in some Q.
Not all of these are legal, but f of them are (for a given 3). Then, if 3; +cy; = Bi +cyj, thenc =0orj =j"ifi =i’

If j =j’, then i = i’, and otherwise, ¢ = % Since there are finitely many such c, just avoid them, and you can
)
choose any other c that works. Thus, « = 3 + ¢y = 31 + c¢y; has df = [F($3,v) : Fl, so F(B,v) = F(«). =

In some sense, the primitive generator is a linear combination of the previous generators obtained by looking at the
roots of the minimum polynomial. Additionally, now the Fundamental Theorem just drops out like melted butter.

13. Tue FuNDAMENTAL THEOREM OF GALO1S THEORY: 2/6/13

First, a small amount of review: suppose E/F is finite, normal, and seperable and F C L C E is a tower. Then, E/L
is also finite, normal, and seperable, so |Gal(E/L)| = |E : L|. In fact, for any algebraic K/L in a closure (), the number
of embeddings K — Q over L (i.e. the identity on L) is at most |K : L], and this becomes exactly |K : L| if the extension
is seperable.

Returning to the (finite) Galois case, Gi = Gal(E/L) < Gal(E/F) = Gr (since if ot = Id, then ol = Id),
so a subgroup can be assigned to a subfield, and a subfiel can be assigned to a subgroup H < Gr given by
EM ={x € E|hx =x forall x € H}.

The proof of the Fundamental Theorem will be done in parts.

Claim. ECt =L

Proof. We have F L EL E , because pun: is L fixed by automorphisms that fix L? Do bears crap in the
woodsﬁ But now, compute some degrees: |[E : L| = |G|, but|E: EGL| > |G|, because the number of automorphisms
(or even embeddings in the algebraic closure) is at most the degree of the field extnsion. Thus, [E: L| = [E: ESL|, so

E=t6 X ®

This is very similar to the idea behind Theorem 27, even if the statement is different.
After the proof of the following claim, there is a bijection between intermediate fields and subgroups of G, which
is the Fundamental Theorem.

Claim. H = Gal(E/EM).

Proof. One inclusion is easy: H < Ggn because pun: does H fix things fixed by H?

For the other direction, consider F C EH C E. Using Theorem |Gen| = [E : EM| < [HI, so one obtains equality:
H = Ggn.

This is the only nontrivial part of the whole proof, so it needs to be looked at in more detail. The textbook provides
a very elaborate proof using the linear independence of characters, for example. However, here is an alternate
explanation: suppose E/E™ is a dM-extension and E = E"(«); then, d is the degree of the minimal polynomial of «
over EM.

Consider g(x) = [ [ ¢ (x — ha). A priori, this is only in E[x], but the coefficients are in EM: since « is a root of g,
then d < [H|. Thus, writing H ={hyh | h € H} for any hy € H, applying h; to g just gives the coefficients back again.
Thus, they’re fixed by H, so g € EH[x]. =

It’s possible to get the minimum polynomial, not just g, by listing the distinct roots, but it’s not that valuable.
There is also something asymmetric about bringing in the primitive element, but it’s much easier than the book’s
proof. Nonetheless, some of the results in the book, such as the linear independence of characters, are useful later.

Mind you, Dr. Brumfiel said this aloud and wrote it on the board.
20 general, just because two extensions have the same degree doesn’t mean they are equal, but in this case, one is contained inside the other.
16



Now, one can talk about conjugate subgroups of G and conjugate subfields between F and E. First suppose that

F normal L E
Zild lic lia
E cL=L——E

where L is a splitting field of F. Then, the roots of F are just permuted among themselves, and there is a group
homomorphism Gal(E/F) — Gal(L/F) given by o — ol; with kernel Gal(E/L). This is surjective because if ¢ : L — L

over F, then by the proof of Theorem 27, this extends to a o : E — E (just draw the diagram).
Thus, Gal(L/F) = Gal(E/F)/Gal(E/L) (requiring L/F to be normal, so that the quotient makes sense. Thus,
normality in these two senses is the same!). In general, if

F L——E

|

E oL E
where o € Gal(E/F), and oL is still a subfield, but not necessarily L.

Claim. Gal(E/oL) = o Gal(E/L)o".

For the proof, see this week’s homework.

14. LATTICES OF SUBGROUPS AND SUBFIELDS: 2/8/13

Last time, it was shown that L; <+ Gal(E/L;) = Hi, and H < EN, and that H < Gal(E/F) iff the corresponding fixed
field L is anormal extension of F. Slightly more generally, fora o € Gal(E/F)and L = E", onehas E°He ' = ¢Lo~ ! C E.
Notice how this relates to normality in the special case. This can be proven by appling the group elements oko ' to

the field elements. If H is normal, then the quotient makes sense, and Gal(L/F) = Gal(E/F)/ Gal(E/L).

If F L1 E, then Gal(E/L) > Gal(E/L’), as we already know. Similarly, if H < H’, then E"' D EH’.

The point is that the sign switches, and one says that the Galois correspondence reverses inclusions.

One can consider the lattice of subgroups or subfields. There are lattice operations: if Hy, H, < H, then HiNH, < H,
and H1H, < H In the field case, one can take the composite fields (L1, L) — L;L; (the smallest subfield containing
them) and intersections L; N L.

The last part of the Fundamental Theorem states that in this Galois correspondence, H; N H, < L;L; and
HiH, < Ly NL,, yielding a lattice-type structure similar to Z under least common multiple and greatest common
divisor, or sets under union and intersection.

Proof. Hi N H; fixes L L, because anything in Hy N H, fixes everything in L; and everything in L,, so all of the
products are fixed, too.

Conversely, suppose o ¢ H; N H,. Then, suppose (without loss of generality) o ¢ H;, so that o doesn’t fix L;.
Thus, there is some x € L; such that o(x) # x, so o can’t fix L L,, either.

The other part is slightly easier; it’s clear that HyH; fixes L1 N Ly: hihy(x) = hy(x) = x forany hy € Hy, hy € Hp,
and x € Ly N L (since both hy and h, must fix x). Conversely, if x ¢ Ly N L, there is an h € H; (without loss of
generality, since if h € H, the proof is little different) such that h(x) # x, so HiH, doesn’t fix x. x

Example 14.1. Let E be the splitting field of x™ — 1 over F. If Char(F) | n, this is a degenerate case, so suppose
otherwise. Then, E = F((), where ( is the generator of the cyclic group of roots of unity. Thus, if o € Gal(E/F),
then o(¢) = ¢! for some i for which ged(i,n) = 1. Thus, Gal(E/F) < (Z/n)*. In particular, it’s abelian, and if F is
algebraically closed, then it’s also trivial.

If F = Q, then it was already shown that Gal(E/F) = (Z/n)*, since @ (x) is irreducible. if F is finite, one needs a
cyclic group of order n (since it’s a subset of E* = E \ 0) to split x™ — 1, so all Galois groups of the finite fields are
cyclic (again, as was already known).

As another example, if ¢ € F is a primitive n'" root of unity, consider the splitting field of x™ — a for some a € F.
Then, one gets F(«)/F, where o™ = @, and the other roots are {C'«x | 0 < i < n — 1}, and they all lie in F(«). If
0 € Clézlal(F(oc)/F), then 0;(C) = C and oi(a) = (', so the Galois group of x™ — a is contained in Z/n and thus is
cyclic

21This is the smallest subgroup containing H; and H, not the set of products, which is a group only when one of Hy and H; is normal in H.
2If € F, then it's not equality, so one must be careful with terminology.
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Now, if x™—a € F[x], where Char(F) = 0 or Char(F) = p { n, thiscanbe splitin twosteps: F —F() —F(, ) =E,

so Gal(F(C)/F) < (Z/n)*" and Gal(F(C, ) /F(C)) < (Z/m, +). Thus,
1 — N — Gal(E/F) — Gal(E/F(¢)) — 1

(where N is the Galois group of x™ — 1 over F) is a short exact sequence, so Gal(E/F(¢)) = Gal(E/F)/N. Note that
Gal(E/F) need not be abelian (e.g. x3 — 2 over Q, which yields S3).

One thing about root extensions is that if F——F( "/ay) F( /a7, ™/az) , with ap € F( "{/ay), then "3/a;
is a doubly nested radical (e.g. /1+ +/5). This will have consequences for solvability by radicals. These fields
correspond to subgroups that put severe restrictions on the final Galois group of E/F.

This implies that some algebraic numbers can’t be expressed with nested radicals (e.g. roots of any quintic with

exactly 3 real roots, since it will have Galois group Ss, which isn’t solvable).
The following theorem illustrates where the next steps will be:

Theorem 14.1. Suppose E/F is a Galois extension with group cyclic of order n. Then, E = F( Y/ «) for some « € F.

15. NesteEp Rapicars aAND Norms aAND Traces: 2/11/13

2 3

Suppose Gal(E/F) = S3, which has T < A3 < S3, with A3 ={1,(123),(132)}. Thus, F L E for sole
subfield L of E. Then, if Char(F) # 2, then L = F(/D) for some D € F, and Gal(E/L) = A3 (which is cyclic of order 3).
E is a little more complicated (not just L( 3/y) for some y € L), but since the cube roots of unity are just (1 i V3)/2,
then E(C) = L(¢)( 3/y) for some y € F( VD, Q).

This means that every element of E has a nested radical formula. The key to this is the series of normal subgroups
and that E() = F(v/D, ¢, 3/Y), where vy is something in D and ¢, immplying it is nested.

If Gal(E/F) = S4, with Char(F) # 2,3,then S4 > A4 > V4 > Co > {1}, where V4 ={1,(12)(34),(13)(24),(14)(23)}.
Thus, one has F—=F(yD)=EA+ —> 2 pC: 2

E(i, ¢)/F(i, ¢); then, each field is obtained from the previous one by adjoining an nth root:

EVs

E. If C is a primitive root of unity, then take

F(i, () —F(i, ¢, vD) —=F(i, ¢, VD, 3/¥) —=F(i, ¢, VD, vD2, ¥¥) —F,

so everything in E can be written as a nested radical formula over F.

These will be encapsulated into more general proofs, depending on the Fundamental Theorem’s linking of
group theory and field theory. However, this will break down if Gal(E/F) = S5 > As > {1}, so there is no chain of
intermediate normal field extensions of prime order.

Definition. A finite group G is solvable if there exist subgroups G = Go > Gy > G2 > --- > Gy, = {1} such that
|G : Gi41]is prime (so that the quotients are prime cyclic: Gi/Giy1 = Cyp,).

There are other definitions of solvability, as will be seen, but they are all equivalent.
The end goal is to prove the following theorem:

Theorem 15.1. If Char(F) = 0 and f € F[x] is separable, then its roots are given by a nested radical formula iff the Galois
group of the splitting field is solvable.

The more interesting or dramatic direction (the reverse direction) is actually the easiest; the formula comes from
Theorem 27.

Suppose K/F is a finite, separable degree-n extension (that isn’t necessarily normal) and Q D K is an algebraic
closure of K (and F). There are n embeddings o; : K — Q that fix F, by Theorem 27.

Definition. If « € K, then the norm of & over Fis Ny r(«) = [~ 0i(«), where the o; are as above.

If K/F is also normal, then this is also N /¢ (&) = [ [5ecaik/F) (o).

One of the homework problems develops seveal properties of Ny /r. For example,
o Ny r(op) = Ny /r(t)Ny /r(B) for any &, B € K (since each of the oy is a field homomorphism).
o Ny, r(or) = a«™if « € F, since it is fixed by all of the o;.

a
oIf F—4 Fx) n/—K and «1,...,xq are the distinct conjugates of « in Q, then Ny /¢(ot) = Hf; cx?/d

(again by the proof of Theorem 27).
e If the minimum polynomial for  over Fis Y& , aixt = [T% | (x— &) (so that a; = 0), then the last coefficient
is all of the o; multiplied together, so Ny ¢ () = ((—1)%aq)™/ 9.

18



Definition. Similarly, the trace of an « € K over Fis Ty ¢(or) = ) " ; 0i(o) (sometimes written Try /¢ (x)).

Some similar properties hold: Ty /r(ct + ) = Tx /r() + Ty /£ (), since each o; is a linear homomorphism, but also if
c € T, then Ty /¢ (cx) = cTx r(«), so the trace is a more familiar algebraic animal: it’s a linear homomorphism.

It’s important that since Ny /¢ () = ((—1 )%aq)™ ¢, then it is in F, rather than just in Q. Similarly, if «t1,..., xq are
the distinct conjugates of o, then Y I ; oi(«) =n/d Y ¢, a;. Taking the minimum polynomial again, this becomes
Tk r(x) = —n(ay)/d € F. Thus, Txf : K — Fis an F-linear homomorphism, which is much easier to understand,
because of linear algebra.

16. More Norms aND TracEs: 2/13/13
Suppose K/F is a separable degree-n field extension and L/K is any normal, separable extension of F:

FXK—L

7
7
Oi ¥, 6

where Q is a closure of K and F. Then, the n embeddings of K in Q can be extended to L, such that &;(L) = L. Thus,
one can ignore Q and just talk about embeddings in L.
The last lecture just considered K/F for norms, but someting interesting happens in a more complicated setup:

Proposition16.1. Suppose F ——K ——FE areboth separable field extensions and « € E; then, Ng ;p(a) = N ¢ (Ng k().
Proof. Consider

where each of these is normal and finite over F and the o; fix F and the Tj fix K. Then, lift to &;,%; : L — L.
Claim. {F; o %jlg | 1 <i<n,1<j < m}areall distinct and give all of the embeddings E — Q over F.

Proof. First, notice that it’s the right number of embeddings, so if they are all distinct, then they are all accounted for.
Suppose &; 0 tj = Gi» = Tj-. Then, takea 3 € K, 50 %(B) = Tj-(B) = B,s0 5i(B) = 6i'(B) forall B € K, so 6; = &y/.
Since &; is an automorphism of L, this means ; = ;- on all of E. 4

Then, since 6; is fixed on any of the ¥;(x), then

{foce - T

1j=

n

T (o
1

’:]:

Ng/rla) =

—_

i

j=

|
.:j:

Il
-

01 (Ng k(o)) = Nk /r(Ng k(o). =

1

Lastly, suppose K is a finite, separable, degree-n extension over F and « € K. Then, K "k (i.e. multiplication by
«) is a vector-space isomorphisrrF_gI that is linear over F, which will be shown in a homework problem.

Claim. Ny r(a) = det( o).
Proof. Consider F—dF(cx) il

Then, an F-basis for F(«) is {1, «, ..., 4"}, and pick an F(«)-basis {B1,.. ., pm} for K. Then, conider K "% K in the
basis {ociBj |0 <i<d—1,1<j < m}; the matrix for this operator consists of blocks of the form of

(x) =x4+ a;x?7 " 4+ .-+ + ng € Flx] be the minimum polynomial if «.

0 0 ... 0 —aq

1 0 ... 0 —ag_1

0 1 e 0 —Qagq-—2

o0 ... 1T —a
on the main diagonal and zeroes elsewhere. The trace of one of these blocks is —a, so the determinant of the full
matrix is det(-«) = ((—=1)%aq)™ = Ny /r(«) (from the last lecture). X

23 unless o = 0, in which case it’s still F-linear, albeit not invertible.
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Similarly, one can show that Tx /r(«) = Tr(-ot) by again putting it into block form. Since this is a linear map, and
there is transitivity if K/Fand E/K, soif § € E, then Tg /r(B) = Tk /r(Te,/k (B)), which is proven by going to the Galois
closure and taking the double sum, rather than the double product.

If E/F is Galois, 3 € E, and o € Gal(E/F), then Ng (cf3/B) = 1, which can be seen in many ways: it can be
plugged into the definition, for example (since the o; just permute the things being put together). This induces the
following theorem:

Theorem 16.2 (Hilbert’s Theorem 90). If Gal(E/F) = C, = (0) and N /¢ (y) =1, theny = o3 /B for some o € Gal(E/F)
and € E\ 0.

This means that o3 = yf3 for some nonzero [3 The proof is easy using “characters” (which are defined in the
book), but requires their linear independence.

As an application, suppose E/F has degree n and a cyclic Galois group and suppose ¢ € F is a primitice n
root of unity. Then, N /¢(¢) = (™ =1, s0 03 = (B for some 3 € E\ 0. Thus, f has conjugates o?]bet = (%P, etc.
Thus, F(p) = E and f is a primitive element, and (™) = (of)™ = (¢p)™ = p™, so p™ = b is fixed, so b € F, and
E=F( VD).

th

17. SorvasLE Grouprs: 2/15/13
This is the big theorem:

Theorem 17.1. If f € F[x] is separable and irreducible and E is a splitting field of f over F, with Char(F) # 0 or Char(F) =p
such that p 1 |E : F| = |Gal(E/F)|, then the roots of f(x) in E are given by nested radical formulas iff Gal(E/F) is a solvable
group.

Recall that a finite group G is solvable iff there exists a chain of subgroups G = Gy > G; > --- > Gy, = {e} (i.e.
each Gi1 isnormal in G;) and Gi/Giy1 ~ Cyp, a cyclic group of prime order.

This leads to an impressive analogy due to Jordan and Holder: simple groups are as atoms, and finite groups are
molecules. In particular, some sets of atoms can be assembled into distinct molecules, leading to some notion of
group isomers%

The simple groups include C,, for prime p, A, for n > 5, and several other infinite families, including SL(n, [Fq)
for most values of n and q, along with 26 sporadic simple groups, some of which are quite large.

Theorem 17.2. Any finite group has a composition series H = Ho > Hy > - - - > Hpm = {e} with Hi/Hi+1 = Ny such that all
of the Ny are simple.

This is trivial to prove; if H is simple, we’re done, but if not, choose some maximal proper normal subgroup (whose
existence is guaranteed by finiteness), so the quotient must be simple, since there are no other normal subgroups in
between the two.

Theorem 17.3 (Jordan-Holder). The set {N;} is the same for all composition series of H; that is, any in any two composition
series, the quotients are just rearranged.

Example 17.1. S,, > A, > {1}and C; = S,,/A,, is simple.
If [H| = 10, then the composition series includes C; and Cs. There are two such groups: Cio = C2 x Cs and
Ds > C5.

Thus, a finite group is solvable if its atoms are the simplest of simple groups, the cyclic groups of prime order.
For arbitrary groups, there are two definitions. Here is the first:

Definition. A group G is solvable if there exists a series G = Go > G1 &> - - - > Gy, = {e} with each G;/Gi+1 abelian.

This is equivalent to the previous definition in the case where G is finite: clearly, the first definition implies the
second. But given the second, it is possible to insert groups between G;i/Gi1. Since Ay = Gi/Gi+1 is finite abelian,
then all of its subgroups are equivalent to subgroups of G; containing Gi, 1, and they’re normal because it’s abelian.
By the structure theorem of finite abelian groups, A; = € Z/d;, and by induction, the atoms for A; are prime cyclic.

Set G(®) = G and G!") = [G, G] (the commutator subgroup (aba~'b~' | a,b € G), since [a, b] is known as the
elementary commutator). Then, G < G0, since if one conjugates a commutator, one still has a commutator,
since conjugation is a group homomrphism. G is abelian iff G(') = {e} (since aba='b~! = 1). Then, one can define
G™ = [6=1) G~V inductively, and maybe somewhere along the line a G(™) = {e}. Then, the alternate definition
of solvability is:

24This looks like eigenvectors, which is no coincidence, but is still surprising.
2550lvable groups would seem to correspond to a notion of solubility.
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Definition. A group G is solvable if there existsan m € Nsuch that G = G(® > GV > ... > GI™) = {e}.

This is sort of a weak abelian condition on commutators of commutators, and it clearly doesn’t work for simple
groups: if S is nonabelian and simple then [S, S] = S, since there are no other normal quotients.

Claim. These two definitions presented are equivalent.

Proof. Since G/[G, G] is abelian in general, then G ®/GlH+1) §g always abelian, so the second definition implies the
first.

For the other direction, start with G = Gy > Gy > --- > Gy, = {e}. Since Go/G; is abelian, then GV is the
subgroup of the kernel of some homomorphism (which is G1), so G < Gy, and by the same argument G*) < Gy.
Thus, if the identity is reached in some arbitrary series Gy, then it is also reached in the series G (k) =

Corollary 17.4. Suppose G is a group.
(1) If G is solvable and H < G, then H is solvable.
(2) If G is solvable and K = G/H, then K is solvable.
(3) If N < G and N and G/N are solvable, then G is solvable.

Proof. For item using the second definition, if H < G, then HM™) < GU™) for any m, so if G (M) is trivial, then H(™)
is as well.

For item@ if G » K, then G(™) — K(™) (since every element in K is hit by something in G), so if G (m) §s trivial,
then K(™) is as well.

For item one has the short exact sequence 1 -+ N - G — G/N — 1, soif (G/N)M) = {e}, then G(™) < N, and if
N = fe}, then GMm+1) < N = [e]. =

Returning to Galois theory, if f(x) has roots given by nested radocal formulas (with f separable, irreducible, etc.),

a+byc+ y/d{/e+ /g or something. Then, what would the conjugates
look like? a +b+/c — a £ b /c, and similarly {/x maps to some other fifth root, so, in the same way

(s \/a£tbye+i31/di; e+ /g,

so if one solution is given by a nested radical formula, they all are, and the formula is essentially the same.
Additionally, if f has a root given by a nested radical formula, then its splitting field E lies in some L with

F—Fi =F(Cnyy.oeyln,) —F2 =F( /a;) —... —L.

with a; € F;. This is a bit of subtlety: L 2 E because not all of the n! roots of unity might be present if only one of the
conjugates is. However, since all of the conjugates are in L, then L is normal.

Since F1 = F(Cn,,...,Cn,), then Gal(E/F) is abelian. Then, since every necessary root of unity is in Fy, then
Gal(Fi/Fi—1) is cyclic for k > 1, yielding

and suppose one root has the formula

Gal(L/F)=Gy, > Gy > Gy B> -+ > Gm={e
F - Fp——F—— — L
Since F——E ——1 andE splits f over F, then Gal(E/F) is a quotient of Gal(L/F) as part of the Galois correspondence.

But Gal(L/F) is solvable, so this means that Gal(E/F) is solvable, too!
This was the main achievement of Galois” original work. In particular, if Gal(f) = Ss (as seen before), then f is not
solvable by nested radicals.

18. SorvabiLiTy By RapicaLs: 2/20/13

It is worth reviewing once again the proof that relates solvability of a group to solvability by radicals: if E/F is the
splitting field of f(x) with roots given in some nested radical formula, then take a big extension L/E with a tower

>

F

F(C) =Fo Fy Fj F/ - Ly Fs Fy-Ly--- L,

where ( is some root of unity, each of the FO /FG=1) §g cyclic, and each of the L;, as well as L, is normal over F.
In the other direction, if Gal(E/F) is solvable and C is a sufficiently large root of unity, then Gal(F(¢)/E(C)) < Gal(E/F)
is solvable as well. Here, “sufficiently large” means ( is a primitive n root of unity, where n is the product of the
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cyclic orders in the composition series for Gal(E/F). Relatedly, if x € Fand L/F is cyclic of order k, then L = F( Vb)
for some b € F. This follows from Theorem because N() = & =1.
This can be simplified somewhat: if L = F(f3), then for some o € L,

B=o+Co(a) +Fo* (o) + -+ T ()
— 0B = o(a) + 0% () + o> (o) + - + TN ()
= (0P =B,
because o(C) = (, so that o(B) = ("' for any . This uses the concept of Lagrange resolvents, which will be
discussed in more detail later on.
The above is useless if § = 0, but 3 # 0 by the independence of characters. Thus,  has k conjugates, so L = F(j3)
by the primitive element theorem, and B* € F, so L = F( v/b) where B = g¥.
The flaw is in obtaining a formula. If Gal(E/F) = S4 > A4 > V4 > C, > {1}, then where is the formula? This proof

isn’t constructive. Another concern involves listing the roots of unity: they have nice nested radical formulas, but
they get complicated quickly. However, they replace extensions such as F((s)/F with something like

F——F(V5) —F(v/~10-2v5) —F(v/~10-2V5, v-10+2V5),

which is nicer in terms of finding a formula, almost aesthetically pleasing in how it builds up the roots of unity.

Exercise 18.1. If Fis any field, p is prime, and a € F, then show that either x? — a has a root in F or xP — a is irreducible
in F[x].

There are two cases, and note that if Char(F) = p, then this reduces to one of the midterms: since xP —a = (x — «)?,
then things happen. Otherwise, x? — a = (x — o) (x — (o) - - - (x — (P~ '«); then, it’s not necessary that « € F, but one
of the {J « has to be.

One more fact about solvable groups over characteristic p: if one encounters a cyclic group of order p, the extension
F( {/a)/F has a trivial Galois group, so it can’t be the source. Instead, one has to use x? — x — a, the Artin-Schreier
equation, rather than x? — a.

If K/F is Galois and Gal(K/F) = {0y =1d,..., 0n}, then Tr(x) = (01 + - - - + on )& # 0 by the linear independence
of characters, but Tr(1) = n, which is a problem if Char(F) | n. This is important in a full understanding of some of
this stuff.

19. Two ArPLICATIONS OF THE FUNDAMENTAL THEOREM AND LAGRANGE RESOLVENTS: 2/22/13

Proposition 19.1. Working in some algebraic closure Q of a field F, suppose
EK
E -

AN
EN
|
F
with €/F Galois and K/F arbitrary (not necessarily even algebraic). Then:

(1) EK/K is Galois,
(2) Gal(EK/K) < Gal(E/F), and
(3) Gal(EK/K) = Gal(E/ENK). so |[EK: K| =|E : EN K] (and n = m in the diagram above).

/-

N

Proof. (1]is trivial: it splits the same f(x) that gives E/F. This kind of ignores separability, which is a little bit of a
technicality. Every element of E is separable, because the generators are.

For if 0 : EK = EK, then o fixes K (and therefore F), so of¢ : E — EK C Q, but E/F is normal, so o(E) = E. Thus,
o € Gal(E/F). This is injective (which will imply inclusion) because is ¢|x = Id and ¢|¢ = Id, then ¢ =1Id on EK as
well.

Item 3| is harder to prove than one might expect. Certainly, if ¢ € Gal(EK/K), then ¢ fixes E N K, since it fixes
K. If € E but « ¢ K, then E/K is Galois, so there exists a ¢ : EK — EK such that ¢|x = Id and @(« # o (since the
only things fixed by all of the automorphisms are the elements of the ground field). Thus, E N K is the fixed field of
Gal(EK/K). =
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This is very false if E/F isn’t Galois; some of it doesn’t even make sense, but for the degrees one could have

Q(¢, ¥2)
X
QYD) Q¢ V2)

Here, the intersection is Q, but 2 # 3. In general, it is difficult to make statements about the intersection.
Suppose that

. EE/
n n
NS
ENE’
nd ‘d n’d
F

E/

with both E/F and E’/F Galois. Then, EE’ and E N E’ are both Galois, by a homework problem from earlier in the
class, and if E splits f over F and E’ splits g over F, then EE’ splits fg.

Theorem 19.2. Gal(EE’/F) < Gal(E/F) x Gal(t'/F), and more precisely, Gal(EE’/F) = {(¢@, @) | @lene = @'lene )

The proof of this theorem is in the book, and involves counting subgroups and quotient groups. However, the
inclusion C is clear. Here, it's worth asking: is it worth using the big guns of the Fundamental Theorem? It’s not
always obvious.

Switching topics, Lagrange resolvents can be used as an alternative to Hilbert’s Theorem 90 and linear independence
of characters. The goal is to show that if {, € Fis an n' root of unity and E/F is such that Gal(E/F) = C,,, then
E = F(B) with B™ = b € F. This is messy when characters get involved, and isn’t a constructive proof.

Let o be a primitive element for E/F and let Gal(E/F) = (o). Then, the Lagrange resolvents are

po=a+oa+ooat - +o"

p1 = o+ Coa+ Fota+ -+ M oM

cpj =t Joxt+ Hotat -+ M e T

all the way up to pn—1. This can be interpreted as a matrix equation

1T 1 1 ... 1 104 Po

1 ¢ ¢ ... ! ox 01

1 CZ C4 . CZn—Z . = . R
. . . . . g o

with this latter quantity not in F*. Since C € F, then this matrix is over F, and it’s a Vandermonde matrix, which
implies that its determinant [ | ¢ — ¢J is nonzero (since otherwise, («, ...,0™ '«) € F*, which is nonsense). Thus,
the matrix is invertible, so from linear algebra, there is some p; ¢ F. In particular, p; # 0, which implies lots of good
things (lots of conjugates, and so on). But this is also constructive!

More precisely, for each pj, it’s trivial to show that o(p;) = ¢ Pj, SO c(pj“) =pj,s0p €F Thus, if p; # 0, then
it admits n conjugates, so E = F(p;). Of course, it’s not clear which p; is nonzero, but it’s not hard to see that pj",
which is some big mess, is Galois-invariant, so it can actually be computed in terms of the coefficients of the minimal
polynomial of  algorithmically.

This will lead to an explicit solution of the cubic, as it will make clear exactly which roots need to be adjoined.
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20. ApprTive HiLBert's THEOREM 90 AND THE CuBIC: 2/25/13

Suppose ¢, € Fand E/Fis a degree-n field extension with cyclic Galois group Gal(E/F) = (o). Suppose = F(«),
and consider the Lagrange resolvents

Po :064—0'(06)4—..._’_0-“*1(0()
P =+ CG(o()+...+Cﬂ—1o.n—1(a)

p; =+ Jo(x) _|_..._;’_CJ'(11—1]0.11—1((X)

all the way up to pn—1. Thus, one has the rho Vectoﬁ
Po

Pn—1 o_n_1 o

where A is Vandermonde in JJ*. Thus, its entries are in F and it has a nonzero determinant, so there exists some
p; ¢ F. We also have o(p;) = Jp;.

Here take care not to be too quick on the trigger: what happens when j | n? If n is prime, then p; has n conjugates,
so E = F(p;) and pj* € F, but otherwise, this might not happen. The overall logic for the proof of solvability by
radicals doesn’t change, though: there is still a tower of n' root ajunctions, but it happens in more than one step.

The proof of Hilbert’s Theorem 90 required some strange and messy formulas, so here’s a better option:

Theorem 20.1 (Additive Hilbert’s Theorem 90). Suppose E/F has degree n and a cyclic Galois group Gal(E/F) = (o).
Then, if Te yp(«) = 0 for « € E, then « = o3 — 3 for some 3 € E.

Proof. Recall that the trace is F-linear and is not identically zero (because of the linear independence of characters).
Then, dim(Ker(Tg /r)) = n — 1, because it’s onto F. The minimal polynomial is Galois-invariant, since (Id +o + - -- +
o ) (o—Id) =0 —1d =0.

The reverse direction is trivial: just compute Tg /r(0f3 — ), so consider the forward direction and suppose
Te/r(x) = 0. Since Ker(o —Id) = F, then dim(Im(o — 1)) = n — 1, which is the same as the dimension of the trace,
and one is contained within the other, so they are equal. g

In particular, if Char(F) = p and |E : F| = p, then Tg /¢(1) = 0, so E = F(y), where v is a root of xP — x — a for some
a € Fand o(y) =y + 1. This is where the Artin-Schreier extensions come into play.

Suppose Char(F) # 2,3 and E/F splits some irreducible, separable cubic f(x) = x> + ax? + bx + ¢ € F[x]. Then,
replace x with x + a/3 to obtain some x* + px + q for p, q that depend on a, b, c. Thus, it suffices to obtain the roots
of this polynomial, unhappily referred to as the “depressed cubic.”

It turns out this isn’t that hard, thanks to a trick discovered in the 16" Century, but using the Lagrange resolvent
will be more in line with the theory. Let &, o2, and 3 be the roots, and let D = ((ot; — ot2) (o1 — o3) (02 — 3))? be
the discriminant (i.e. it is S3-invariant).

Definition. Suppose f is a separable, n'-degree polynomial with roots a1, ..., a,. Then, its discriminant is
D= H ((xi — & )2>
1<i<jgn

which is invariant under permutation by S,.

Since it’s invariant under action by Sy, the discriminant is always in the ground field, and in fact can be thought of
as a function in the coefficients of f.

It’s a result of symmetric function theory that any symmetric function of n variables (i.e. a function invariant
under S,,; specifically, the same expression is given, not just the same numbers) is a polynomial function. There’s a
Galois-theoretical proof of this, though it has some thorniness in terms of where the coefficients go.

In particular, vD =[], <icjen (0t — o) is An—invariant Thus,
Corollary 20.2. VD eF iff Gal(E/F) < An.
260r row vector. Ha ha.

27This fact is used as the basis of some definitions of An.
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Returning to the cubic, &7 + a2 + oz = 0, since it comes from the x2-coefficient, which has been excised. Expanding
this out is a mess, but becomes nicer in terms of the elementary symmetric functions. Thus, the discriminait is
D = —4a3c + a?b? + 18abc — 4b3 —27¢?. Thus, a = &1 + o2 + &3, b = a1 + ¢ 3 + a3, and ¢ = &y x> 3. For
x? + px + q, this reduces to D = —4p® — 27q?. Thus, Gal(E/F) = A3 < S3 iff D is a square in F.

To solve the cubic, take

F——"CH VD) —2 F(VD,0q) =E ——F(VD, o, V=3)

For E, any root will generate the whole extension, since 3 is prime, so nothing can be in between. The last extension is
made for the purpose of writing nested radicals.

21. Sorving tHE Cusic: 2/27/13
Suppose Char(F) # 2,3 and f(x) = x> + x + q is separable and irreducible in F[x]. We will take the extension

F——F(3, VD) LA , where E is the splitting field of f(x) over F((3, VD). Then, Gal(E/F({3, VD)) = Cs.

Let 11,712,713 be the roots of f. Then, 1 + 1> + r3 = 0, since this is the x*-term, and the Lagrange resolvents are
po =0, p1 =71 + Cr2 + ?r3,and p2 = 11 + (?12 + (r3. Then, o(p1) = ¢*p1, and o(p2) = (p2. These equations
can now be solved for the roots, which is just linear algebra, and we also have that 1+ ¢ + %2 = 0 and that the
determinant is nonzero (since it’s the Vandermonde determinant), implying that 3r1 = py + p2, 312 = (%p1 + Cp2,

and 3r3 = {p7 + (%pz. Thus, p3, p3 € F(¢, VD).
After a bunch of calculation,

3 = (11 4 Q2+ C13)° =13 + 713 413 + 30(rir2 + 1313 + 1371) 4 383 (1973 + 1273 4 1377) 4 6717273
03 =13 4+ 13 + 13 4+ 3 (rFry + 1313 +13ry) £ 30(r73 Frard 4 1319) 4 61171273
VD = (r—71)(r3 —11)(13 —12) = rlrﬁ + rzrg +T3r$ — r%rz — r%m — r%n.
Thus, p3 — p3 = 3(¢% — ¢) VD and p3 + p3 = 27117 — 2r3 = 27pq. Solving explicitly, one obtains using (T), below, that

L (27q +3(2 = ) VD)

p3 =

N — N

(279 —3(¢* — ) VD),

p3 =

thus yielding the formulas 3r; = p7 + p2 and

=3 <\/; (27q +3(2~ VD) + i/;mq—s(cz —0) fDJ)

e N e e )

and so on. But this gives 9 different choices for roots, which is too many, so it’s necessary to also specify that
P1p2 =17 + 13 + 13+ (C+ %) (112 + 1213 +1173)
= r% —l—r% —l—rg —TiT2 —T2T3 —T1T3
= (11 +12+73)7 = 3(rim2 + 173 4 T213) = =3P,

or just that pyp2 € F. The choices of the roots aren’t independent: picking one forces the rest. For example, for x> — g,
p1p2 = 0, which makes life interesting, but in cases like this it’s not hard to find the roots.

Notice that there isn’t anything too difficult or even theoretical about all of this; it’s just computation and a bunch
of things about symmetric functions.

The calculation that justifies the above is:

p? + p% = Z(r? + rg + rg) + 1211713 — 3(r%r2 + T%Tg + T%T] + rn% + rzré + TgT%) @)
=2(r1 +712+73)% =911 + 12 +73) (11712 + 1273+ T377) + 2779773,

Though this seems uninteresting, there’s a bit of history here; many of the mathematicians that discovered these
formulas kept them secretively and held contests. Ferrari met a premature death, poisoned by his sister. Cardan was
an astrologer, a drunkard, and a gambler, who cut off his son’s ear because he displeased him.
One final question: why do these formulas have imaginary quantities even though some cubics have all real
roots? There’s a theorem that says that there is no iterated radical formula in general, even if the cubic has three real
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roots. This made these formulas more mysterious, especially given that these guys didn’t really believe in inaginary
numbers, and barely trusted negative ones.

Suppose f(x) = [} (x —71), so that f is a monic, degree-n polynomial, and f'(x) = n i, ). By the Product
Rule,

n
(x=x1)--- (x = xn)
f’(x):; — o= f/(Ti)Zg(ﬁ—Ti)-
i= j#EL
Thus, one gets some more formulas for the discriminant:

Hf ) = (— n(n71)/2 H (Ti_rj)zz(_])n(nfn/ZD
1<i<i<n
n
=n" H(Ti—sj)ZHf(Sj)
1j=1
:>D:( nn]/ZHf nn]/Z an

In general, this is a bad way to calculate discriminants, but for cubics it can be helpful.

22. Tue FUNDAMENTAL THEOREM OF SYMMETRIC PoryNomiaLs: 3/1/13

Let R be a commutative ring. Then, S, acts on R[x1,...,Xxn] by permuting the x;. Let s; be the jth elementary
symmetric function, defined by

n n

.
| | —xi) z s T,
i=1 j=1

suchas sy =} xi,82 =3 ;_;xixj,andsoontosn =[[xi.
Today’s theorem, stated below, isn’t terribly sophisticated. In some sense, it’s just organized computation, and is
almost at a high school level.

Theorem 22.1 (Fundamental Theorem of Symmetric Polynomials). G R[x1,...,xn]5" = R[s1, ..., sn], where the set on
the left is the subset of R[x1, ..., xn] that is Sy-invariant.

Proof. R[x1,...,xn]is a graded ringﬁ] Rlx1,...,xn] = @g3_; Ra, where Rqis the R-span of monomials of degree d.
Here, the degree of a polynomial in n variables is given by deg(x{' +---+x{") = }_ ai. Thus, deg(s; L =
by +2by + - - - + nby,. Using this graded ring structure, once we know that R3"* = S, then the proof will be done.

Use the lexicographic ordering of multi-exponents: if a1 > a > --- > an > 0, then define (as,...,an) >
(ajy..., ‘141) if aj > aj or a; = aj and ax > a), or a1 = aj, a; = a}, and a3 > a}, and so on. Then, if
P(x1,. xn) € R3™, so that P is a symmetric polynomial of degree d, and the term x{,' {7 -~ -x{™ appears in P, then
so must x7'x3? - - - x4, applying the permutation o(j) = ij. Then, the weight of P is defined to be the highest such
(a7,...,an) that has a nonzero coefficient.

In the polynomial s}'s52--.sb", one can expand out the symmetric polynomials and see that the highest
power of x; that occurs is Y b;. Thus, if the weight is (ay,...,an), then fix x;, so that a; = ) b;, and thus
a; =by+b3z+---+bnu.

If P = Ax]'x5% - - - x&n, then consider the polynomial P — asy' ™ 25527 % ... 0™ 1'_a“ an. This removes the term
of highest weight, and the degree stays the same. Thus, this process goes to zero in a f1n1te number of steps, so P
decomposes into a linear combination of symmetric polynomials. =

This proof also shows that there is a unique formula for P as a polnomial in R[st,...,sn], and that they are
algebraically independent over R.

Thus, if an expression is formally S,,-symmetric (i.e. there are no accidental relations), then it is a polynomial in
the elementary symmetric functions. One can extract an algorithm from the proof, since it forces the reduction of the
weight.

There is another theoretical view of symmetric functions from Galois theory. If E/F is a finite, normal, separable
extention, one can rewrite the normal Galois-theoretic setup using symmetric functions. Instead of going from the
extention to Gal(E/F) and such, one can start with a field E and a finite group H < Aut(E), and consider E" C E.

28Yep, high school level right here.
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Theoremensures this is Galois, with |E™ : E| > |H| and Gal(E/EH) = H. In particular, the latter is finite[”| In
some sense, one starts with the group of automorphisms rather than the field.

If © € E, then 0 is the root of an f € EM[x] such that deg(f) = |H|, and in fact 0 is a root of a separable g(x) that
splits linearly, and with deg(g) | |[H|. Then, as shown before (the same argument, but in a different proof),

fx)=]](x—00) and gx)= ][] (x—(o51)0),

oeH cosets of
[=Stab(0)

which is just a statement about group actions, since y € L'iff y0 = 6.

The aforementioned cosets are those of H = Uj 031, and in the product, one factor is chosen from each coset. This
eliminates the repetition. g is still symmetric, since H acts on the cosets, so o(o;H) = o¢H, similarly to before. This
proves part of the theorem: it explains why E/E" is normal and separable, but think about why it must be finite.

One can show a similar result to Theorem for symmetric rational functions: F(x1,...,xn)5" =F(s1,...,5n).
The degree is n!, because

n!

F($1y.0ny8n) —— F(X1y...,%n)5" F(X1y - vy Xn)
d

so d = n!. This is another way to illustrate that symmetric rational functions can be rewritten in terms of elementary
symmetric functions. However, though it’s a more abstract and sophisticated result, it’s actually weaker.

23. Tue FUNDAMENTAL THEOREM OF ALGEBRA: 3/4/13

Theorem 23.1 (Fundamental Theorem of Algebra). C is algebraically closed.

There are complex-analytic proofs of this theorem (showing that a bounded entire function is constant), and
topological ones (e.g. from the perspective of a sufficiently large circle Cr with radius R, P(z) ~ z", with small error
relative to R, which induces a map Cr — Cg with nice properties). But is there a purely algebraic proof? Not really
since C is defined in a somewhat analytic mannerr. But the proof given below will be one of the least analytic or
topological ones that can be made.

Proof of Theorem Every odd-degree polynomial of R has a root, by the Intermediate Value Theorem, and every
positive real number has a square root. Thus, complex numbers have square roots as well: if u + iv = (c + id)?, then
u=c?—d?andv =2cd, soc? + d?> = vuZ +v2 in R (since these quantities are both nonnegative), and an explicit

solution can be given:
Ut VuZ 02 VViZ v —u
c= and d= > .

2
The square roots make sense because u < v u? +v2, since u € IR

First, there are no odd-degree extenstions K/RR (well, when |K : R| > 1). This is because if such a K existed, then
any « € K would satisfy an irreducible polynomial of odd degree, but as seen above, this doesn’t happen.

Additionally, there aren’t any extensions of C. Suppose R ——C ——E , and without loss of generality assume
E/R is Galois, since if not then one could go up to the minimal Galois closure. Let G = Gal(E/IR) and H be a Sylow-2
subgroup of G. Then, [EM : R| must be odd, so E* =R, and G = H.

This means that G is a 2-group, so |G| = 2N and |Gal(E/C)| = 2NV, which means that it is also a p-group. Thus,
there is a normal subgroup C, < Gal(E/C) and a surjective homomorphism Gal(E/C) — C,. The kernel P’ is normal
and has index 2, which means that it is a quadratic extension. Thus, N = 1, so E = C and nothing interesting can
happen. ®

The last steps follow from the theory of p-groups, or just the simple fact that no p-group has a trivial center. It can
also be given in terms of the structure theorem of finite abelian groups and some induction. There’s another nice
algebraic proof due to Laplace (in about 1795) that reduces the question to one about R[x], since if f € C[x], then
ff € R[x].

Since C is algebraically closed, then it has lots of algebraic subfields, such as Q (the complex algebraic numbers),
Q(m), Q(e), and so on.

The subject of the next few days will be the Cycle Type theorem, which allows for easier computation of Galois
groups. Suppose f € Z[x] is monic and separable, and suppose p is prime and that f(x) = f(x) mod p is also separable.

2This wasn't stated rigorously, and really should have a proof to go along with it. The textbook does, though.
30Apparently this greatly bothered Serge Lang.
310f course, there are other ways to prove that complex numbers have square roots. For example, if z = 1(cos© + isin ), then
vz = /T(cos(0/2) + isin(0/2)), but this isn’t as algebraic as the proof given above.
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Then, Gal(f) < Gal(f) (up to isomorphism), which isn’t terribly interesting because Gal(f) is cyclic. However, more
interesting things happen if one factors f(x) = f1(x)f2(x) - - - f+(x) as distinct irreducibles in Z/p[x] with degrees
deg(fi(x)) = ni. Then, if E is the splitting field of f(x), then |E : F,| =lem(ny,...,n;), since there isonly one finite
field of a given order up to isomorphism and each prime divisor is factored in exactly once.

Thus, if n = deg(f) = deg(f), then Gal(f) < Sy, but also that Gal(f) < [[{_; Sn,. Additionally, Gal(f;) < Sy is
transitive for each j. If Gal(f) = (o) for some o € S, then 0 = 07 - - - 0, with 05 € Sn] , which gives a nice product of
cycles, and by transitivity, each oj is a single cycle.

Theorem 23.2 (Cycle Type). With the assumptions and notation as above, Gal(f) contains an element which is a product of
ny,...,ne-cycles.

This will be useful for placing restrictions on Gal(f), but its proof must be deferred to a future lecture.

24. CompruTtaTIiON OF GaLois Grours I: 3/6/13

Starting with a little review, suppose F is any finite field and f € F[x] factors into distict irreducibles f = f; ...f,,
and let n; = deg(fi). Then, Gal(f) is cyclic, as discussed previously, with order lem(ny,...,n,). Thus, Gal(f) is
generated by a permutation o7 ... o, € Sy, where oj is an nj-cycle and all of the oj are disjoint, since 0 permutes the
roots of f; (which is enough to imply the order, too).

The goal of these two lectures is to show that if an f € Z[x] is monic and separable of degree n, then Gal(f) contains
a permutation of cycle type ny,...,n, (Where f mod p factors as f1,..., f; in IF,; [x] as above). This obviously says a
lot about the Galois group; for example, if f is irreducible in any IF,, [x], then it is also irreducible in Z[x]. This result
will lead to probabilistic estimates for Galois groups and even algorithms.

However, along the way, it will be necessary to prove a completely useless theorem — at least from a computational
point of view. This seems paradoxical, but see that it will be helpful.

Theorem 24.1. Suppose f is as above; then, there exists a P € Z[uy, ..., un,x], where the u; are algebraically and linearly
independent (i.e. if F is a field, then F(u, ..., un) is a purely transcendental extension of F) such that P is symmetric in the
uj-terms and deg(P) = n! Then, if P factors as P = Py ... Py, with the Pj irreducible, then Gal(f) = Stab(P1) < Sn.

Computationally, it’s hard enough to factor polynomials of degree n in one variable, let alone polynomials of
degree n!in n + 1 variables. The professor actually tried doing this with a quadratic once. However, it’s good for the
modp reduction, since a similar setup will occur and the things that fix P; in IF, permute its roots, leading to more
useful results.

Proof of Theorem Let F be any field and f € F[x] be a degree-n separable polynomial with roots o1, ..., o, ina

splitting field E of F. Let F(uy,...,u,) be a purely transcendental extension of F, so that the 1 are algebraically and
linearly independent. Working in some algebraic closure of F(uy,. ..,y ), consider
F(LL], oy Un, X1,y )(Xn
Flocy vy otn) Flur, ..., un)
The field F(u,...,Uun, 1,..., &) is the splitting field of f over F(uy,...,uy). Since F(a1, ..., ayn) is Galois, with
Galois group G, then F(ui,...,un,a1,...,0q)/F(u1,...,uy) is also Galois with the same Galois group, since
Flatry .oy o) NF(ug, ..., un) =F. Then, S, acts on F(ug, ..., un, ot1,. .., 0tn) by Ui = ug(q) and leaving the «; alone:
n mn n
o <Z uioci> = Zug(i)oq = Zuiocr1 (i) (2)
i=1 i=1 i=1
Since F(u1,...,Un, ®1,..., 0ty ) is a purely transcendental extension of F(«1, ..., &y ), then all of the n! elements given
n (2) are distinct; if not, there would be some relations among the u;.
Thus, there exists a primitive element of F(uy,...,un, &1,..., an) over F(uy,...,u, ), which will be some sort of

u-linear combination of the «;. Guessing ) u;, its conjugates are given by

n n
Z uio-((xi) = Z UilKg(1)y
i=1 i=1

with 0 € G = Gal(f). Thus, there are |G| distinct conjugates, so }_ u;w; is a primitive element.
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Let P be given by

n n
P = H (X — Z‘LLG(UO(1> = H <X— Zuioc(,(i])
0ESn i=1 €S, i=1
Thus, P is symmetric in the &;, so P € Flus,...,un,x]. Additionally, oP = P forany o € Sy, with o actingonuy, ..., un.
Since P has n! distinct roots, then P is separable.

Factor P = Py ... P, with each factor irreducible and such that }_ u;«; is a root of P1(x). Then, P; is the minimal
polynomial for } u;o; over F(ug,...,uy) and

Pi(x) = H (X_Zui‘xc(i)>- ©)]
iz1

oeGal(f)

Let S;, acton uy,...,u,. Since P is Sy -invariant, then S,, permutes the factors Py,...,Ps...
The proof is almost done here, and will be continued next lecture.

25. CompruTtaTioN oF GaLois Grours II: 3/8/13
Continuing from above, this means that
Gal(f) ={o € Sn | oP1(x) = P1(x) with o acting on uy,...,un}.

This is precisely the stabilizer, because if o € Gal(f), then o sends roots of Py to roots of P; and roots of some other P;
(3 # 1) to roots of P;; thus, Gal(f) = Stab(P7). X

This is theoretically computable, but requires a lot of work in computing the n! permutations of us,...,u,. It
works over any field F, however.

Suppose f € Z[x] and f = f mod p, and f = f; ...f,, is its factorization into distinct irreducible factorization
in F,[x]. Then, taking P as in , P € Z[u,,...,uq,x]. Suppose P is the reduction of P in F, [x] and each of its
factors P; factors as P = Py ... Pis,. Thus, Gal(f) is equal to the Sy, -stabilizer of (P11 (x)), which is contained within
Stab(Pq(x)) = Gal(f). This is because the only way for the roots to be stabilized downstairs in an extension of IF,, is
for them to be stabilized upstairs.

This (slightly magical) statement is true when viewed as for permutation groups of the roots «1, ..., &, or their
reductions in some extension of IF,. Additionally, the permutations that fix Py when S, acts on uy,...,u, are those
that fix P; when S,, acts on «q,..., .

It turns out there are relations between the a, ..., o, and their reductions over IF,,, but that strays into algebraic
number theory. Z[x1,...,xs] C Cis a subring, and if Q is one of its prime ideals, then Z[«;, ..., ®,]/Q is a finite
field, as in the following diagram:

7 —Z[x1y ..oy O] “4)

|

Z/p " 7oy, ... 0]/Q

This is a nicer way to view these numbers, rather than as matrices or soething more cumbersome. However, it takes
some of the magic away, since it explains why the connection exists.

In the case of the finite extension, Gal(f) is cyclic, and it has as a generator o(x) = XPESI Then, Gal(f) < Gal(f) up
to isomorphism, though it turns out that uniqueness is only defined up to conjugacy. The Frobenius automorphism
is canonical, but choosing Gal(f) < S;, requires choosing an ordering of the roots, and a change in labels is a change
in conjugacy and causes a sort of ambiguity

Looking at @) more explicitly, think of the elements of Z/p as elements of Z modded out by a prime idea pZ.
Similarly, one can think of a finite field extension as the ring Z[«, ..., ®,] modded out by some prime ideal Q. In
fact, there will be prime ideals such that Q N Z = (p) for some prime p, so Z[«,...,x]/Q is a finite field, and is
isomorphic to the splitting field of f over IF,,. This is more appealing than viewing finite field extensions as matrices
or as equivalence classes of polynomials.

Starting from here, there is more than three lectures” worth of review. These notes are already as late as they are,
and so I will omit the old material. If you have some desire to look through it, please let me know!

32The placement of o(i) and o~ (i) may seem confusing, but everything is summed over, so this does make sense.
33This is the Frobenius automorphism, which is how all of this was shown in the first place.
4 This conjugacy is within Gal(f), since the relationships are just parameters given by o € Gal(f).
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APrPENDIX A. PROFESSOR QUOTES

Professor Brumfiel is prone to saying funny things during lecture. Here is a list; additional suggestions are
welcome. Some of these may also appear in the body of the lecture notes.

(1) “What is x, really?”

(2) “WHoa — what if h isn’t reducible?”

(3) “If some alien comes down and shows us a splitting field, and we say ‘we have one too,” and he says, 'no, it’s
different,” well, not really.”

(4) “What’s my hypothesis?”

(5) “Iapologize, but I don’t really...”

(6) “Well, here’s sort of a ‘proof by magic.” ”

(7) “The answer is yes, but if F is ‘big’ in the set-theoretic sense, you need fancy set theory.”

(8) “These are seeds. Then I will begin to quickly reap results directly relevant to Galois Theory.”

(9) “My guess is, Math 121 is something like three times as hard as Math 120. I'm not sure what this means,
maybe that it takes three times as much time and energy. Or maybe that only about one third of the students
who complete Math 120 successfully will be comfortable in Math 121.”

(10) “So there are some set-theoretic issues with that approach: if you have v2 € F/ and a ‘pig’ € F” such that
pig? =2 € F/, then you have a problem.”

(11) “That’s the correct thing to say. It's not the correct answer, but it’s the correct thing to say.”

(12) “You're referring to these roots which are in some magic world somewhere.”

(13) “There’s too many ns here. .. let’s just erase that one.”

(14) “That’s Theorem whatchamacallit... 27.”

(15) “So the elements of K might be pigs and cows and sheep rather than complex numbers.”

(16) “The Fundamental Theorem of Galois Theory is actually pretty easy. .. it just drops out like melted butter.”

(17) “Have a nice weekend studying Galois Theory.”

(18) “This is true because pun: is L fixed by automorphisms that fix L? Do bears crap in the woods?”

(19) “I promised myself I wouldn’t run over [time] but I always lie.”

(20) “I'm not going to [prove] this, since it always makes my head hurt.”

(21) “Using the Fundamental Theorem of Galois Theory here is like killing a fly with a hand grenade.”

(22) “I don’t have the energy to solve quartics. .. too much elbow grease.”

(23) “What would you do if Char(F) = 2?” “I forget.”
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