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Abstract. We investigate the global structure of topological defects which wrap a submanifold

F ⊂ M in a quantum field theory defined on a closed manifold M . The Pontryagin-Thom

construction oversees the interplay between the global structure of F and the global structure of

M . We will employ this construction to two distinct mathematical frameworks with physical

applications. The first framework is the concept of a characteristic structure, consisting of the

data of pairs of manifolds (M,F ) where F is Poincaré dual to some characteristic class. This

concept is discussed in the mathematics literature, and shown here to have meaningful physical

interpretations related to defects. In our examples we will mainly focus on the case where M

is 4-dimensional and F has codimension 2. The second framework uses obstruction theory and

the fact that spontaneously broken finite symmetries leave behind domain walls, to determine

the conditions on which dimensions a higher-form finite symmetry can spontaneously break. We

explicitly study the cases of higher-form Z/2 symmetry, but the method can be generalized to

other groups.
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1. Introduction

Topological defects are essential tools in understanding the properties of quantum field theory

(QFT), and also connect to various phenomena in condensed matter and cosmology. Understanding

properties regarding topological defects is a framework that has produced significant advancements

in quantum field theory [OA96, OA97, FFRS04, FFRS07, ACGR24], and continues to be an

active and evolving area of research [CKRM22, RS22, SWRM23, WLL24, ZGHZ24]. Moreover,

modern perspectives on symmetries associate these topological defects with generalized symmetries

[GKSW15]. The structure of symmetries is characterized by the fusion, braiding, etc, of these

topological defects, which gives the algebraic structure of topological defects.

On the other hand, to understand the properties of a quantum field theory, sometimes it is

helpful to put the theory on a nontrivial manifold with nontrivial global structure, which helps us

understand many properties of the theory, such as its RG flows and anomalies (see, for example,

[Fre93, Lur09, Wit16, TY17, KS18, CO19, FH21]). In the framework of topological field theory

(TFT), this global structure is exactly the tangential structure of the underlying manifold, such

as orientation, spin structure, pin± structure, etc. Analyzing the tangential structure helps

classify TFTs and the quantum phases with symmetries associated to these global structures

[FH21, Fre19, MS23].

However, it is less common to incorporate the tangential structure of a defect into this analysis.

Traditionally, when discussing defects and their structures—such as fusion, braiding, and related

properties—one typically does not even place the defect on a nontrivial manifold, but rather on

flat space, suggesting a focus solely on their local structure i.e. the space near the defect. More

recently, there has been a great deal of research in the mathematical physics literature incorporating

defects into the Atiyah-Segal approach to field theory, sometimes under the name defect TQFT,

including [Fre93, Lur09, DKR11, BCP14a, BCP14b, CR16, AFT17, CRS19, CRS20, CMR+21,

FT22, CEG23, CM23, Fre24, FMM24, FMT24, Car25]. In these works, though, the tangential

structure of the defect does not generally come into consideration.

It has been recently proposed that in the setting of spontaneous symmetry breaking (SSB),

an algebro-topolgical map called the Smith homomorphism relates the anomaly on the symmetry

defect with the anomaly in the bulk [HKT20, COSY20]. Later, the Smith homomorphism was

expanded into a long exact sequence relating theories in different dimensions [DDK+23, DDK+24],

where a nontrivial interplay between the tangential structure of defects implementing SSB and

the tangential structure of the bulk plays a central role. This has been applied in [DL23, DYY23,

DDHM24, Deb24, DNT24, DK25] to study questions in both physics and mathematics.

In this light, we want to make a detailed investigation of the global structure of defects in QFTs

from the point of view of algebraic topology. The purpose of this paper is to study:

Question 1.1. What can we learn by taking into account the global structure of both the manifold

and the defect in a QFT?

Consider a QFT T , which can be defined on a closed manifold M with tangential structure ξ.

For example, T may be a theory that involves local fermions and hence can only be defined on a

spin manifold M with some chosen spin structure. In the presence of non-interacting topological

defects, we can consider putting the defect on a submanifold F embedded inM , denoted as F ↪→M .

However, now the QFT T is only defined on M\F , the submanifold of M after deleting F , and

generally speaking we only need to choose the tangential structure ξ on M\F . In particular, we do

not need to choose the tangential structure ξ on M itself, and M may not even have a ξ-structure.
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This will be the starting point of our analysis. The Pontryagin-Thom construction provides a

unified mathematical framework for establishing the existence of such F given a manifold M that

does not necessarily have a ξ-structure. By leveraging this topological construction, we can exhibit

new consequences of the global structure in physical theories.

We will study two instances where Question 1.1 arises in a QFT. The first is an application

of the Pontryagin-Thom construction which can be used to study global properties of external

defects, or impurities, inserted in a theory. When M is not necessarily compatible with ξ, we

assume that the defects are supported on an embedded manifold F which is Poincaré dual to some

cohomology class, such that ξ is still compatible with M\F . Of particular interest in this work

will be degree 2 cohomology classes with Z/2-coefficients, such as the second Stiefel-Whitney class

w2 ∈ H2(M ;Z/2).
When considered as a pair (M,F ), i.e. a manifold with a particular defect wrapped on a

submanifold F with certain properties, one is led to the concept of characteristic pairs.

Definition 1.2. (Definition 2.26) Let M be a manifold with ξ-tangential structure, and let

P ∈ Hn(B;A). A (ξ,P)-characteristic pair consists of a pair (M,F ) where F is a proper submanifold

ofM Poincaré dual to a cohomology class P(M) ofM , and the boundary ofM intersects F precisely

and transversely at the the boundary of F .

A manifoldM with an embedded submanifold F of the above form is said to have a characteristic

structure. Hence we propose:

Conjecture 1.3. QFTs with defects, or impurities, inserted along particular submanifolds that are

Poincaré dual to a characteristic class of M are described by characteristic structures.

Kirby-Taylor [KT90, §2] showed how to use the Pontryagin-Thom construction to compute

the group of characteristic pairs considered up to bordism, known as a characteristic bordism

group, using standard techniques in algebraic topology (see also Crowley-Grant [CG24, §1.1]). By
work of Freed-Hopkins [FH21] and Grady [Gra23], these bordism groups determine the groups

of deformation classes of reflection-positive invertible field theories (IFTs) on manifolds with

characteristic structures. These IFTs provide a mathematical model for ’t Hooft anomalies of

unitary QFTs, so characteristic bordism calculations reveals abstract properties about anomalies

associated to theories with defects. This seems to connect to the notion of defect anomaly recently

proposed in [ACGR24]. It would be interesting to connect it with the physical considerations from

field theory in a more straightforward manner, similar to the connection between ordinary bordism

groups and ’t Hooft anomalies in e.g. [DF94, Wit16].

The second context in which Question 1.1 arises, and which we will examine using the Pontryagin-

Thom construction, is in the framework of spontaneous symmetry breaking of a finite n-form global

symmetry, first introduced in [GKSW15] with applications explored in [HI19, ZYCM21, QRH21,

RW23, PL24, ZXZ+24]. In particular, upon spontaneous symmetry breaking, a domain wall is

formed which is supported on some lower-codimensional manifold where the order parameter for

the symmetry vanishes. On closed manifolds, these domain walls will be supported on Poincaré

dual submanifolds with respect to the broken symmetry, and we will explain how to compute the

obstructions to finding the Poincaré dual submanifolds. If the obstruction does not vanish for a

manifold M , then a theory with a spontaneously broken n-form symmetry cannot exist on M .

In this work, we also conjecture the existence of a characteristic long exact sequence of bor-

dism groups, analogously to the Smith long exact sequence in [DDK+24] and generalizing some

constructions in Kirby-Taylor [KT90, §6].
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Conjecture. (Conjecture 2.32) Given a pair (ξ,P) as in Definition 1.2, and ξ′ a tangential

structure for a submanifold F , there is a map of spectra R : MTChar(ξ,P)→ ΣnMT ξ′ such that

the map R induces on πk is the map R : Ω
(ξ,P)
k → Ωξ′

k−n sending a characteristic pair (M,F ) 7→ F .

The key takeaway of this conjecture is that the homotopical data in R automatically implies

some useful algebraic corollaries. Notably, Conjecture 2.32 implies that the map (M,F ) 7→ F ) on

bordism extends to one of the three maps in a long exact sequence, which we call the characteristic

long exact sequence. Its form is discussed in §2.3.
We give formal justifications on why we anticipate such a sequence to exist; however, we have

not provided an explicit description. To address this, we approximate the characteristic long exact

sequence using the Smith long exact sequence. Specifically, we propose that there exists a map from

the Smith long exact sequence to the characteristic long exact sequence. Moreover, it is known

that each term in the Anderson dual of the Smith long exact sequence has physical interpretations

as the anomaly of the bulk, the anomaly of the symmetry defect and the family anomaly of a

one-parameter space of bulk theories [DDK+23]. Inspired by this we believe it would be important

to in the future investigate:

Question 1.4. How does a characteristic long exact sequence generalize the Smith long exact

sequence, and what does it reveal about obstructions to symmetry breaking?

More specifically, even though homotopy theory tells us that it is always possible, we have not

determined the third term in the anticipated long exact sequence in a computationally effective

manner. Nevertheless, in this paper we lay the groundwork for studying this question by looking at

characteristic structures that should naturally arise in fermionic systems, and (assuming Conjec-

ture 2.32) compute the relevant bordism groups in the characteristic long exact sequence that we

have access to.

1.1. Summary of Main Results. The following results pertain to the characteristic pairs whose

names are given in Table 3, which display the structures on M and F as well as the characteristic

class that F is Poincaré dual to.

• We use the Pontryagin-Thom construction to study the characteristic bordism groups for

each type of characteristic pair. These characteristic bordism groups treat two characteristic

pairs (M,F ) and (M ′, F ′) as equivalent if there exists a characteristic pair (X,Y ) where

X is a (k + 1)-dimensional manifold with the same tangential structure as M and Y is a

Poincaré dual submanifold of X such that ∂(X,Y ) = (M,F ) ⊔ −(M ′, F ′). We describe

each characteristic structure as a twisted spin structure, summarized below.

• Using this translation, we compute these characteristic bordism groups up to degree 4 using

the Adams spectral sequence. We give the results of these homotopy groups in Table 2

below:

• We discuss the long exact sequences in characteristic bordism in §2.3 and use the Smith

long exact sequence to approximate these sequences. Specifically, the Smith long exact

sequence reflects the symmetry structure that emerges locally around the defect. We show

in Proposition 3.7 and 3.15 that certain Smith long exact sequences involving spinc and

pinc bordism are equivalent to the characteristic long exact sequences for FK and FKO

pairs. We furthermore show that there are maps from certain Smith long exact sequences

associated to spin-O2 and pin±-O2 structures to the characteristic long exact sequences of

GM and KT±.
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Name Twisted Spin Structure Prop.

Freedman-Kirby (FK) spinc 3.6
Freedman-KirbyO(FKO) pinc 3.14
Guillou-Marin (GM) (MO2, 0, U) 3.20
Kirby-Taylor− (KT−) (BO1 ×MO2, w1, U) 3.62
Kirby-Taylor+ (KT+) (BO1 ×MO2, w1, w

2
1 + U) 3.89

Table 1. This table summarizes which twisted spin structure each characteristic
structure is equivalent to, and the proposition that proves the equivalence. We
note that spinc and pinc structures are both twisted spin structures e.g. a spinc

structure is a (BSO2, L)-twisted spin structure, where L is the tautological bundle.

Name Ω0 Ω1 Ω2 Ω3 Ω4 Prop.

Freedman-Kirby (FK) Z 0 Z 0 Z⊕2 -
Freedman-KirbyO(FKO) Z/2 0 Z/4 0 Z/8⊕ Z/2 -
Guillou-Marin (GM) Z 0 0 0 Z⊕2 3.36
Kirby-Taylor− (KT−) Z/2 0 Z/2 0 Z/2⊕3 3.73
Kirby-Taylor+ (KT+) Z/2 0 Z/2 0 Z/2⊕3 3.92

Table 2. This table summarizes the result of the corresponding bordism groups
in degrees 0-4. For FK and FKO, whose associated tangential structures are spinc

and pinc respectively, these bordism groups were computed by Anderson-Brown-
Peterson [ABP67], resp. Bahri-Gilkey [BG87a, BG87b]. For the other tangential
structures, we also list the propositions where we perform the calculations explicitly.

• For each of the characteristic pairs, we give physical interpretations for the global structure

of QFTs in the presence of a defect wrapped on a submanifold F .

Specifically, assuming existence of the characteristic long exact sequence (Conjecture 2.32), we

derive the following physics predictions from our computations:

• Corollary 3.56: for a k-dimensional field theory Z defined on manifolds with Guillou-Marin

structure, i.e. an oriented theory with a defect Poincaré dual to w2, the anomaly of Z

cannot match with a nonzero anomaly on the defect for k = 0, 1, or 3; for k = 2, there is a

Z-valued obstruction to matching the bulk and defect anomalies.

• Corollary 3.86: if Z has a KT−-structure (which we have interpreted as a time-reversal

symmetry and a defect Poincaré dual to w2 + w2
1), the anomaly of Z cannot match a

nonzero anomaly on the defect for k ≤ 2; for k = 3 there is an obstruction to anomaly

matching.

• Corollary 3.102: if Z has a KT+-structure (which we have interpreted as a time-reversal

symmetry and a defect Poincaré dual to w2), the anomaly of Z cannot match a nonzero

anomaly on the defect for k = 0, 2; for k = 3 there is an obstruction to anomaly matching,

but for k = 1 it is always possible to match the anomaly in the bulk and the anomaly of

the defect.

It would be interesting to make these obstructions explicit in examples.

With regard to the second application involving to spontaneous symmetry breaking we show the

following:
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• We use the Pontryagin-Thom construction to give Definition 4.1 for an obstruction to

spontaneously breaking a finite higher form symmetry. We then identify the cohomology

class corresponding to such an obstruction in Proposition 4.3.

• For the case of a Z/2 valued 1-form symmetry, we show in Corollary 4.11 the obstruction

to spontaneously breaking the symmetry.

• For the case of a Z/2 valued 2-form symmetry we show in Proposition 4.18 that the

dimension that one might expect to encounter an obstruction to breaking this symmetry

is not naively what one would expect by inspecting the case of 1-form symmetries. This

feature also holds for n-form symmetries where n > 2.

This paper proceeds as follows: In §2 we review the topological background necessary for

implementing the constructions in the rest of the paper. In particular we review spectra and

Thom spaces, and in §2.2 we review the properties of Poincare duality the Pontryagin-Thom

construction. We devote §3 to discussing applications of five types of characteristic structures in

the context of studying the global structure of spacetime with defects. In §3.3.1 and §3.5.1 we

explain how the Smith long exact sequence approximates the characteristic long exact sequences,in

line with Question 1.4. In §4 we explore obstructions to breaking higher form symmetries using the

Pontryagin-Thom construction.

2. Topological Preliminaries

We begin by outlining the mathematical framework that will be applied in subsequent sections.

First, in Section 2.1, we review tangential structures and discuss how they are modified by vector

bundle twists. Following this, we introduce Thom spaces and Thom spectra, emphasizing their role

in calculating bordism groups via the Pontryagin-Thom theorem. In Section 2.2, we cover Poincaré

duality as a foundation for the Pontryagin-Thom construction. We then explore characteristic

structures and the concept of characteristic bordism. While characteristic bordism is intrinsically

geometric, our main goal is to reinterpret it through the Thom spaces introduced earlier. By

leveraging this framework alongside the Pontryagin-Thom construction, we simplify the calculation

of characteristic bordism groups to a process relying primarily on algebraic methods. Finally, in

Section 2.3, we conjecture the existence of a certain long exact sequence associated to characteristic

bordism and discuss its implications.

2.1. Tangential structure. In this subsection, we review the definition of tangential structures

along with several related concepts, including Thom spaces, Thom spectra, and the Pontryagin-

Thom theorem. None of the material in this subsection is original; we include it here to refresh the

reader and standardize notation.

Definition 2.1 (Lashof [Las63]). Given a map ξ : B → BO of spaces, a ξ-structure on a vector

bundle V → X is a lift of the classifying map fV : X → BO of V to B, i.e. it is a map f̃V : X → B

such that fV ≃ ξ ◦ f̃V .

For example, if ξ is the map BSO→ BO, a ξ-structure is equivalent to a reduction of structure

group for the principal On-bundle of frames to a principal SOn-bundle – in other words, an

orientation. A ξ-structure for ξ = id: BO→ BO is no data.

When we say that a manifold M has a ξ-structure, that means a ξ-structure on TM .

Definition 2.2 ([HKT20, §4.1]). Let V → X be a vector bundle. An (X,V )-twisted ξ-structure

on a vector bundle E →M is data of a map f : M → X and a ξ-structure on E ⊕ f∗(V ).
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This work will mostly be concerned with spin structures and their twistings.

Remark 2.3. Definition 2.2 makes sense mutatis mutandis when V is a virtual vector bundle, which

is a formal difference of two vector bundles. In particular, BO can be thought of as classifying

virtual vector bundles up to stable equivalence, or rank-zero virtual vector bundles.

The Whitney sum formula shows that an (X,V )-twisted spin structure is equivalent data to the

map f and trivializations of

w1(E) + f∗(w1(V ))(2.4a)

w2(E) + w1(E)f∗(w1(V )) + f∗(w2(V )).(2.4b)

In other words, V is much more data than we needed, suggesting the following variant of Definition 2.2

originating in work of B.L. Wang [Wan08, Definition 8.2].

Definition 2.5. Let X be a space, a ∈ H1(X;Z/2), and b ∈ H2(X;Z/2). An (X, a, b)-twisted

spin structure on a vector bundle E → M is data of a map f : M → X and trivializations of

w1(E) + f∗(a) and w2(E) + w1(E)2 + f∗(b).

In this definition we do not assume that there is a vector bundle V such that w1(V ) = a and

w2(V ) = b. Frequently no such V can exist, as discussed in [GKT89, RWG14, JFW19, Kuh20,

Spe22, DY23, DY24].

Example 2.6. Let TM be the tangent bundle on an orientable manifold M . Let L → M be a

complex line bundle over M . The data of L is equivalent to a map M → BU1 such that L is

equivalent to the pullback of the tautological complex line bundle over BU1. A spinc structure on

TM (see Definition 3.1) is equivalent to a spin structure on TM ⊕ L→M . By the Whitney sum

formula this is equivalent to an identification w2(TM) = w2(L). Therefore a spinc structure is a

(BU1, L)-twisted spin structure (in the language of Definition 2.2), or a (BU1, 0, w2)-twisted spin

structure (in the language of Definition 2.5).

Let V → X be a real vector bundle, with a choice of Euclidean metric. Let D(V ) be the disk

bundle of vectors in V with norm less than or equal to 1, and let S(V ) be the sphere bundle of

vectors of norm equal to 1.

Definition 2.7. For V → X a real vector bundle with Euclidean metric, the Thom space Th(X,V )

is the quotient D(V )/S(V ).

As the space of Euclidean metrics on a bundle is contractible, the homotopy type of the Thom

spectrum does not depend on the choice of metric. However, we choose a metric on the tautological

bundle over BO2, to specify MO2 on the nose rather than up to homotopy. We will also use the

pullback metric on the tautological bundles over BSO2 and BO1.

Example 2.8. Let V → BOn be the tautological bundle coming from pulling back the tautological

bundle V → BO, where O := limn→∞ On is the infinite-dimensional orthogonal group, along the

map BOn → BO. The unit sphere bundle S(V ) of V is equivalent to BOn−1 and the Thom space

MOn = BOn/BOn−1. We can do a similar construction and show that MSOn = BSOn/BSOn−1.

For much of our discussion, the main object of interest are bordism groups of manifolds with a

certain tangential structure and principal bundle. These bordism groups are computable from the

point of view of a specific type of Thom spectrum, which we now begin to introduce.
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Definition 2.9. The Thom spectrum XV of a vector bundle V → X is the suspension spectrum of

the Thom space Σ∞Th(X,V ).

Especially, though a virtual vector bundle V → X does not have a well-defined notion of Thom

space, it is still possible to define a Thom spectrum XV by filtering X by its compact subspaces K,

and assembling XV from suspension spectra of Thom spaces over K. This was originally done by

Lewis [LMSM86, §IX.3]; see there for the details.

The cohomology of the Thom space can be related to the cohomology of the base space.

Definition 2.10. Let π : V → X be an oriented vector bundle and let A be an abelian group. The

Thom class is a class U ∈ Hn(Th(X,V );A), which gives rise to an isomorphism

(2.11) H∗(X;A) ∼= H∗+n(Th(X,V );A)

of H∗(X;A)-modules by cupping with U .

The zero section of any vector bundle V → X defines an inclusion X ↪→ V , which after

quotienting by S(V ), defines a map z : X → Th(X,V ) also called the zero section. The pullback

z∗U is the Euler class e(W ) ∈ Hn(X;A). We will see a generalization of the the Euler class to

generalized cohomology in the next section.

Definition 2.12. Let ξ : B → BO be a tangential structure and let V → BO denote the

tautological stable vector bundle. The Madsen-Tillman spectrum MTξ associated to ξ is the Thom

spectrum of ξ∗(−V )→ B.

Madsen-Tillman spectra are useful for computing bordism groups by the following theorem.

Theorem 2.13 (Pontryagin-Thom). There is an isomorphism πn(MTξ) ∼= Ωξ
∗.

1

We now aim to turn twisted tangential structures into stable homotopy groups and give them an

interpretation from Thom space. This is done through a shearing construction [DDK+24, DDHM24].

Lemma 2.14 (Shearing). Let S → BO be the tautological rank-zero virtual vector bundle and

η : B ×X → BO a tangential structure classified by the virtual vector bundle ξ∗(S) ⊞ (V − rV )
where rV denotes the rank of V . Then an η-structure is equivalent to a (X,V )-twisted ξ-structure.

Corollary 2.15. The bordism groups of manifolds with a (X,V )-twisted ξ-structure are naturally

isomorphic to the homotopy groups of the Thom spectrum MTξ ∧XV−rW , and the corresponding

bordism groups is denoted by Ωξ
∗(X

V−rW ).

The shift by rW appears because, in order to invoke the Pontryagin-Thom theorem without an

extra degree shift, we must normalize to a degree-0 virtual bundle.

2.2. Pontryagin-Thom construction. In this subsection, we revisit Poincaré duality and present

the Pontryagin-Thom construction, a framework that parametrizes Poincaré dual submanifolds

corresponding to a given cohomology class through the analysis of maps into a Thom space. This

construction serves as a cornerstone for the two primary applications in this paper. Once again,

this subsection does not include new material, but reviews and elaborates on a point of view taken

up by Kirby-Taylor [KT90].

1The usual formulation of the Pontryagin-Thom theorem uses the Thom spectrum of ξ∗(V ) → B, not −V , and
identifies its homotopy groups with the bordism groups of manifolds with a ξ-structure on the stable normal bundle
ν → M , rather than the stable tangent bundle TM → M . This is equivalent, as stably TM ≃ −ν; we work

tangentially because this is how ξ-structures come to us most naturally in physics applications.
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Theorem 2.16 (Poincaré duality). Let A be a commutative ring, M be a closed oriented d-

dimensional manifold, and let [M ] ∈ H∗(M ;A) be its fundamental class. The cap product

(2.17) (−) ∩ [M ] : Hk(M ;A)
∼=−−→ Hd−k(M ;A)

is an isomorphism for all k.

Choose an element ω ∈ Hk(M ;A) with k > 1. Since M is oriented, ω has a unique Poincaré

dual W ∈ Hn−k(M ;A). We would like to find a closed, oriented submanifold N of M such that

the inclusion i : N ↪→M sends the fundamental class of N to W – then we can think of N as the

defect associated to the background field ω of the higher-form symmetry.

As a consequence of the Steenrod realization problem, it is not always possible to find such

a submanifold N . Moreover, if one wants to make the choice of N “local” in the sense of field

theory (i.e. encode the data of N in the tangential structure), there are additional obstructions

coming from the Pontryagin-Thom construction, as noted by Kirby-Taylor [KT90]. This is starkly

different from the case k = 1, for which the theory of the Smith homomorphism has been applied

to study symmetry breaking [COSY20, HKT20, DDK+23, DDK+24]: when k = 1, it is always

possible to make a consistent local choice of the defect N , and the choice is well-defined up to

bordism. This is related to the fact that not every cohomology class is the Euler class of a vector

bundle, though this is true for classes in H1(–;Z/2). See also Crowley-Grant [CG24], who study

when an integral homology class can be represented by an immersed submanifold, rather than an

embedded submanifold.

From the embedding of a submanifold i : N ↪→ M , the tubular neighborhood theorem states

that it is always possible to form a tubular neighborhood of N which is isomorphic to the normal

bundle νN → N , with a map J : νN →M that chooses a tubular neighborhood of the embedding i.

Definition 2.18 (Pontryagin-Thom collapse). Given an embedding i : N ↪→ M and a map

J : νN →M , that maps a tubular neighborhood of N into M , the map:

(2.19) ci : M →M/(M\J(νN )) ,

that collapses the manifold outside of νN to a point is the Pontryagin-Thom collapse map.

This gives rise to the sphere bundle S(νN ), which is filled in by the disk bundle D(νN ). Therefore,

whenever we have an embedded submanifold N , we can construct a Thom space via νN .

Lemma 2.20. The maps of the pair (D(νN ), S(νN ))→ (M,M\N) is an equivalence on homology.

Proof. The excision theorem for homology says that for U ⊆ A ⊆ X, there is an equivalence

Hn(X\U,A\U) ∼= Hn(X,A). Let X = M , A = M\N and U = M\D(νN ). Then X\U = D(νN )

and A\U = S(νN ) and plugging into the excision theorem proves the equivalence. □

When N is Poincaré dual to an element a ∈ Hn(M ;Z/2), we have the following property.

Lemma 2.21. Let i : N ↪→ M be a submanifold that is Poincaré dual to a ∈ Hn(M ;Z/2). The

pullback of a to M\N vanishes.

Proof. Since N is obtained by transversality, the normal bundle νN → N is identified with the

pullback of the canonical bundle over BOn. By dualizing Lemma 2.20, the relative cohomology

Hn(M,M\N ;Z/2) is isomorphic to Hn(D(νN ), S(νN );Z/2). The Thom space Th(N, νN ) is equiv-

alent to D(νN )/S(νN ) and hence Hn(D(νN ), S(νN );Z/2) ∼= Hn(Th(N, νN );Z/2). Invoking the



10 ARUN DEBRAY, WEICHENG YE, AND MATTHEW YU

Thom isomorphism gives the equivalence

(2.22) Hn(Th(N, νN );Z/2) ∼= H0(N ;Z/2) = (Z/2)π0(N) ,

for which the Thom class U ∈ Hn(Th(N, νN );Z/2) restricts to the product of generators in each

component. But since the Thom class pulls back along the embedding i to a, this means that a

vanishes when restricted to M\N . □

The submanifold N was realized as the Poincaré dual of a, but another way of viewing N is

through its normal bundle. In particular N can be constructed from taking the Poincaré dual of

e(νN ). Since a restricts trivially to M\N we recover a well-known fact:

Corollary 2.23. For any class a ∈ Hn(M ;Z/2) the restriction i∗(a) onto N is e(νN ) mod 2.

In the examples we will study, the Poincaré dual manifold N will be taken with respect to the

class a realized as a combination of w2(TM) and w1(TM). A particularly useful way to view N

is as an obstruction to extending a tangential structure, that is induced by the trivialization of

a on M\N , to all of M . The cases in the following proposition will be most interesting for our

applications to physical systems that involve fermions. Any defect that is placed along N then has

the property of acting as a hard boundary for the theory on M\N . Notably, due to the differing

tangential structures, the two theories cannot be made compatible and therefore the degrees of

freedom on M\N do not always extend onto the defect.

Proposition 2.24 (Kirby-Taylor [KT90, Lemma 2.2, Theorem 2.4]). Let M be a closed manifold

without boundary. A submanifold N of M is Poincaré dual to w1(TM), w2(TM) + w1(TM)2, or

w2(TM) if and only if M\N has an orientation or resp. pin− or resp. pin+ structure, that does

not extend across any component of N .

Proof. We sketch out the argument in proof of [KT90, Lemma 2.2] that establishes this proposition in

the case when N is Poincaré dual to w1(TM), and when N has only a single component. The proofs

for the two other cohomology classes and when N has multiple components are similar and given in

[KT90, Theorem 2.4]. Begin by picking a class λ ∈ H1(M,M\N ;Z/2) ∼= H1(D(νN ), S(νN );Z/2) =
Z/2 which evaluates to the nontrivial element if the orientation of the sphere bundle does not extend

to the disk bundle, and the trivial element when the orientation does extend. This is equivalent

to detecting if the orientation on M\N fails to extend across N . The image of λ in H1(M ;Z/2),
denoted i∗(λ), is equal to w1(TM). To see this, consider an embedded S1 in M which is transverse

to N subject to the additional condition that if S1 intersects N at a point then it intersects in

the subsequent way. Let the S1 first enter S(νN ) at one point, continue downs a fiber hitting

N , and then continuing down the same fiber until it exits the other side of S(νN ). The tangent

bundle of M restricted to this S1 is oriented if ⟨i∗(λ), j∗[S1]⟩ = 1, where j∗[S1] is the image of the

fundamental class of the S1 in H1(M ;Z/2). Since w1(TM) also shares the same property when

paired with j∗[S1], we see that i∗(λ) = w1(TM).

If we assume M\N has an orientation that does not extend across N , then λ is nontrivial in Z/2,
and is in the image of the Thom class. Hence N is Poincaré dual to w1(TM). On the other hand if

we assume that N is Poincaré dual to w1(TM), then M\F is oriented, and a fixed orientation on

M\N can be modified by a class in H0(M\N ;Z/2). If we fix a particular orientation on M\N we

can consider the class λ to probe if this orientation extends across N . The ideas is to consider if λ

is or is not already in the image of the Thom class, i.e. if it equals 1 or −1. If λ is already in the

image of the Thom class then the orientation we fixed does not extend across V and we are done.
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If λ is not in the image of the Thom class then it is always possible to modify λ by a class δ∗(c),

where δ∗ : H0(M\N ;Z/2) → H1(M,M\N ;Z/2), so that λ + δ∗(c) is in the image of the Thom

class. This class c changes the orientation that was initially fixed on M\N and therefore means

the orientation that is modified by c does not extend across N . □

We now state a construction due to Pontryagin and Thom, which allows one to parametrize

Poincaré dual submanifolds to a cohomology class by studying maps into a Thom space. It serves

as the corner stone for the two main applications in this paper.

Theorem 2.25 (Pontryagin-Thom). Let M be a closed manifold.

(1) Let A be a finite abelian group and ω ∈ Hn(M ;A). There exists an oriented submanifold F

that is Poincaré dual to ω if and only if the map ω : M → K(A,n) lifts across the Thom

class map U : MSOn → K(A,n) to a map M →MSOn.

(2) Let ω ∈ Hn(M ;Z/2). There exists a (not necessarily oriented) submanifold that is Poincaré

dual to ω if and only if the map ω : M → K(Z/2, n) lifts across the Thom class map

U : MOn → K(Z/2, n) to a map M →MOn.

This follows from the Pontryagin-Thom theorem, as explained by Kirby-Taylor [KT90, §2].

2.2.1. Characteristic bordism. The ideas of characteristic bordism originated with the work of

Freedman-Kirby (FK) and Kirby-Taylor (KT) in [FK78, KT90], where the authors defined a bordism

group generated by a pair consisting of a 4-dimensional manifoldM and a 2-dimensional submanifold

F that is Poincaré dual to either the characteristic classes w2(TM) or w2(TM) + w1(TM)2.

Definition 2.26. Choose an abelian group A and tangential structure ξ : B → BO, where either

A = Z/2, or ξ factors through BSO. Let M be a manifold with ξ-tangential structure, and

let P ∈ Hn(B;A). A (ξ,P)-characteristic pair consists of a pair (M,F ) where F is a proper

submanifold of M Poincaré dual to P(M) and the boundary of M intersects F precisely and

transversely at the the boundary of F .

Remark 2.27. The requirement on a pair (M,F ) to have a characteristic structure means that

a (ξ,P)-characteristic structure on (M,F ) induces one on (∂M, ∂F ). Thus there are notions of

bordisms of (ξ,P)-characteristic manifolds, bordism groups, etc.

If F is Poincaré dual to P then M\F has a ψ-tangential structure, where ψ is the tangential

structure which is a ξ-structure and a trivialization of P. For example, if ξ is an orientation and

P = w2(TM) then ψ is a spin structure. All of the characteristic structures we will discuss in §3
will be characterized, meaning that the ψ-tangential structure on M\F does not extend across F .

Equivalently, it means that there is no ψ-structure on M that restricts to the ψ-structure on M\F .

There are immediate physical consequences that can be gleaned as a consequence of this fact. Most

conspicuously, a theory when placed on M\F with the data of a choice of ψ-structure, cannot be

compatibly extended across F .

The concept of characteristic pairs has received limited attention in the literature; however, a

few notable examples do exist, which we will examine in this work.

Definition 2.28 ([FK78]). A Freedman-Kirby (FK) characteristic pair is a w2(TM)-characteristic

pair (M,F ) where M and F are closed, oriented manifolds.

Definition 2.29. A FKO characteristic pair is a w2(TM)-characteristic pair (M,F ) where F is

oriented, but M is not necessarily oriented.



12 ARUN DEBRAY, WEICHENG YE, AND MATTHEW YU

Definition 2.30 ([GM86]). A Guillou-Marin (GM) characteristic pair is a w2(TM)-characteristic

pair (M,F ) in which M is oriented, but F is not necessarily oriented.

Definition 2.31 ([KT90, §6]). A Kirby-Taylor minus (KT−) resp. Kirby-Taylor plus (KT+)

characteristic pair is a w2(TM) + w1(TM)2 resp. w2(TM) characteristic pair, with no orientation

data specified on M or F .

This is slightly different from the data Kirby-Taylor use: see Remark 3.87. Kirby-Taylor also

consider a variant of Definitions 2.28, 2.30, and 2.31 for topological manifolds (ibid., §9), and
Klug [Klu21] introduced variants of these structures for manifolds with boundary.

Notation. We will refer to the characteristic bordism groups for the characteristic pairs defined

above by the authors’ names. e.g. ΩGM
k is the group generated by characteristic pairs (M,F ) of

GM-type where M is in dimension k.

For the manifolds M , M\F , and F , we will follow a line of reasoning where we do not specify a

choice of tangential structure for F when we conduct the computations of characteristic bordism.

We will see how to apply this specific notion of characteristic pairs in §3.

2.3. Long exact sequences and approximate symmetries. In this subsection, we conjecture

the existence of a characteristic long exact sequence, which forms a long exact sequence in the

context of characteristic bordism groups. Such a long exact sequence captures more than just

symmetries, but rather the topological aspects of the symmetry operator when supported along a

submanifold. It can also be used to compute obstructions to symmetry breaking; see [DDK+23] for

applications of a related “symmetry breaking long exact sequence” in QFT.

Conjecture 2.32. Given (ξ,P) as in Definition 2.26, and ξ′ a tangential structure for a submanifold

F , there is a map of spectra R : MTChar(ξ,P)→ ΣnMT ξ′ such that the map R induces on πk is

the map R : Ω
(ξ,P)
k → Ωξ′

k−n sending a characteristic pair (M,F ) 7→ F .

There are several pieces of heuristic evidence for Conjecture 2.32.

(1) In general, natural, geometrically defined homomorphisms between bordism groups typically

lift to maps of spectra. Examples include the Smith homomorphism (see [DDK+24,

Proposition 3.17]) and including bordism of closed manifolds into a notion of bordism of

compact manifolds, possibly with boundary (see [DDK+24, §5.1]).2 We will present some

details on the Smith homomorphism in the latter part of this section.

(2) Conjecture 2.32 for the characteristic structures in Definitions 2.28, 2.30, and 2.31 is implicit

in Kirby-Taylor [KT90, Corollary 6.12, Remarks 6.15 and 6.16] (though see Remark 3.57).

(3) If we assume in addition that the normal bundle of F ↪→ M extends to a vector bundle

on M , then the analogue of Conjecture 2.32 is true, as we describe below, and in some

examples including Freedman-Kirby characteristic bordism this assumption always holds.

Later in this paper, we will assume Conjecture 2.32 and derive consequences we expect to see in

symmetry breaking in field theories with defects. These applications mostly make use of a single

2See also the recent work of Hoekzema-Merling-Murray-Rovi-Semikina [HMM+22], Hoekzema-Rovi-Semikina [HRS22],
Campbell-Kuijper-Merling-Zakharevich [CKMZ23], and Merling-Ng-Semikina-Sendón Blanco-Williams [MNS+25]
on lifting invariants of SK-groups, a variant of bordism groups due to Karras-Kreck-Neumann-Ossa [KKNO73], to

maps of spectra.
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key consequence of Conjecture 2.32: if the map R of spectra exists, then the maps R on bordism

participate in a long exact sequence:

(2.33) · · · −→ Ω?
k −→ ΩP

k
R−→ Ωξ′

k−n −→ Ω?
k−1 −→ · · · .

Heuristically, the idea is that lifting R to a map of spectra gives a point-set model for it; given a

map A→ X of spaces, one can construct its cofiber X/A and a long exact sequence on generalized

homology. Likewise, given a point-set model of R, we can construct its cofiber to obtain the long

exact sequence (2.33).

While such a characteristic long exact sequence is expected to exist, explicitly describing it in a

way that is computationally effective is challenging. However, we can approximate the characteristic

long exact sequence using the Smith long exact sequence. In particular, a lift of BSO
ω−→ K(Z/2, n)

to BOd−n is less restrictive than lifting to MOd−n. The normal bundle to F provides a map to

BOd−n everywhere locally on F , but to have this bundle be globally well defined means giving F

the structure of a Poincaré dual to ω. We will explicitly show how good of an approximation the

Smith long exact sequence is in the examples of §3.3 and §3.4. As is often the case in physical

situations, one might only view the defect from a “local perspective”, by which we mean the

physical observables and symmetries are only considered in a neighborhood of the defect. It is then

reasonable to expect symmetries to emerge locally around the defect, and this is indeed the case as

can be seen by the normal directions of F in M . However, this symmetry may not persist globally

if the lift to MOd−n is obstructed. In this vein, one can view the Smith long exact sequence as a

special instance of the characteristic long exact sequence when the global structure of the defect is

not in question.

We now give a brief overview of the Smith long exact sequence, which has a physical interpretation

that arises when we have a global symmetry and we consider its spontaneous breaking pattern.

Spontaneously breaking a p-form symmetries given by an abelian group E results in a (p + 1)-

codimensional domain wall [Lak18, BH23]. We will take all of our theories to live on closed

ambient manifolds M , so that the domain wall has support on a submanifold F which is Poincaré

dual to a class in Hp+1(M,E). In the case of 0-form symmetries, the Smith long exact sequence

[DDK+23, DDK+24] is a powerful tool that maps the anomaly from a domain wall that emerges

from spontaneous symmetry breaking, to the anomaly of the bulk theory with certain symmetry. In

the first examples in the literature, the authors in [HKT20, COSY20] considered a spontaneously

broken unitary Z/2-symmetry in (d+ 1)-dimensions, which led to a non-unitary Z/2-symmetry on

the codimension 1 domain wall upon taking into account CPT symmetry. The generalization of this

starts with a Thom space Th(X,V ) and a symmetry breaking order parameter which transforms

in some representation ρ of X; in particular the data of the order parameter can be presented as

an associated bundle W to ρ.

Let V,W → X be two vector bundles of rank rV and rW over a space X, and let p : S(W )→ X

be the sphere bundle of W .

Lemma 2.34 ([DDK+24, Lemma 3.5]). Let M be a closed k-dimensional with (X,V )-twisted

ξ-structure and let i : N ↪→M be a closed (k − rW )-dimensional submanifold of M such that the

mod 2 fundamental class i∗(N) ∈ Hk−rW (M ;Z/2) is Poincaré dual to the mod 2 Euler class e(W ).

The (X,V )-twisted ξ-structure on M induces a (X,V ⊕W )-twisted ξ-structure on N .

Proof. Let TM |N be the restriction of the tangent bundle of M onto N , and let ν the normal

bundle to N , so that TM |N ∼= TN ⊕ ν. Since the fundamental class of N is Poincaré dual to e(W ),
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then ν is isomorphic to W . If TM ⊕ V has a ξ-structure, then TN ⊕ V ⊕W has a ξ-structure and

thus N has a (X,V ⊕W )-twisted ξ-structure. □

Let Ω∗
ξ denote the generalized cohomology theory whose corresponding generalized homology

theory is ξ-bordism Ωξ
∗. Ω

∗
ξ is sometimes called “ξ-cobordism,” e.g. when it was first constructed

by Atiyah [Ati61]. This is not the same theory as the Anderson or Pontryagin duals of ξ-bordism.

For any tangential structure ξ and any rank-r vector bundle V → X, there is a twisted Euler

class eξ(V ) ∈ Ωr
ξ(X

V−r), defined to be the image of the universal twisted Euler class efr(V ) in

twisted framed cobordism, constructed by Becker [Bec70], under the map forgetting from a stable

framing to a ξ-structure.

The Smith map is defined to be the cap product with eξ(V ):3

(2.35) SW = eξ(V )⌢ : Ωξ
k(X

V−rV )→ Ωξ
k−rW

(XV⊕W−rV −rW ).

From the Smith map, we get a long exact sequence, which by Corollary 2.15 consists of certain

twisted ξ-bordism groups:

(2.36)

· · · −→ Ωξ
k(S(W )p

∗V−r′)
p∗−→ Ωξ

k(X
V−r′)

SW−→ Ωξ
k−r(X

V⊕W−r−r′) −→ Ωξ
k−1(S(W )p

∗V−r′) −→ · · ·

where we should think of the group Ωξ
k−r(X

V⊕W−r−r′) as generated by the submanifold which

supports the defect that arises when the order parameter gets an expectation value. One way to

see the connecting map is to realize this long exact sequence as arising from taking the colimit over

X of the cofiber sequence of pointed spaces:

(2.37) S(W )+ ∧ SV → D(W )+ ∧ SV → SW ∧ SV .

It is well-known in homotopy theory that the above cofiber sequence of spaces results in the cofiber

sequence of spectra

(2.38) SX(W )V → XV → XW⊕V ,

and [DDK+24, Theorem 5.1] shows that, by applying π∗ to this cofiber sequence, we obtain the

long exact sequence (2.36).

Let ℧k
ξ denote the generalized cohomology theory obtained by applying Anderson duality to

Ωξ
k+1 [And69, Yos75]; then, by work of Freed-Hopkins [FH21] and Grady [Gra23], ℧k

ξ (X) is naturally

isomorphic to the abelian group of deformation classes of k-dimensional reflection-positive invertible

field theories on manifolds with a ξ-structure and a map to X. As these classify anomalies of field

theories in one dimension lower, we will apply Anderson duality to the characteristic long exact

sequence to obtain information on anomalies:

(2.39)

. . .←− ℧k
ξ (S(W )p

∗V−r′)←− ℧k
ξ (X

V−r′)
D←−− ℧k−r

ξ (XV⊕W−r−r′)
R←−− ℧k−1

ξ (S(W )p
∗V−r′)←− · · · .

This dualized sequence then has immediate applications in the context of invertible field theories

and anomaly inflow. This group ℧k
ξ (X

V ) gives the deformation classes of invertible field theories

in dimension k, where the symmetry and its twisting of the ξ-structure is encapsulated by XV .

There is a defect anomaly map D : ℧k−r
ξ (XV⊕W−r−r′)→ ℧k

ξ (X
V−r′) which describes the anomaly

3Strictly speaking, in order for this cap product to be defined, we need additional structure: that ξ-cobordism
is a multiplicative generalized cohomology theory. This is true for ξ = Spin, but not for ξ = Pin±. If ξ lacks
multiplicativity, one may instead use the fact that ξ-bordism is a module over stably framed cobordism, which is

multiplicative, and so take the cap product with efr(V ).
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of the bulk given the anomaly on the defect which is associated with spontaneously breaking a

symmetry. The map R : ℧k
ξ (X

V−r′)→ ℧k
ξ (S(W )p

∗V−r′) measures the obstruction to gapping the

(k − 1)-dimensional theory over S(W )p
∗V−r′ .

3. Defects and Characteristic Structures

We consider defects in a 4-dimensional setting, i.e. (3+1)-spacetime dimensions, and give a

general prescription of what tangential structures one can expect for defects inserted along the

Poincaré dual to a degree 2 Z/2-valued cohomology class. This conveniently integrates in examples

studied by [FK78, GM86, KT90].

We will focus on reframing the examples of characteristic pairs introduced in §2.2 into the

language that only requires a twisted tangential structure given in Definition 2.2. Establishing

a dictionary between the two formulations of characteristic structures enables us to translate a

topological description into a computationally accessible form, but also gives insights into the

underlying physics—such as anomalies that emerge from the global properties of these defects.

More specifically we will consider the examples tabulated in Table 3.

Name ξ P F Ref.

Freedman-Kirby (FK) SO w2(TM) Oriented §3.1
Freedman-KirbyO(FKO) O w2(TM) Oriented §3.2
Guillou-Marin (GM) SO w2(TM) Not Oriented §3.3
Kirby-Taylor− (KT−) O w2(TM) + w1(TM)2 Not Oriented §3.4
Kirby-Taylor+ (KT+) O w2(TM) Not Oriented §3.5

Table 3. This table summarizes the choices of structure that we study in this
paper for M and F , as well as the cohomology class that F is Poincaré dual to,
following Definition 2.26. These examples follow closely those studied in [KT90].

The main mathematical content of this section can be summarized as follows: given the structures

on M and F , and the cohomology class F is dual to, we calculate the characteristic bordism groups

and the approximation of the characteristic long exact sequence by the Smith long exact sequence.

3.1. Freedman-Kirby Characteristic Bordism. In the case of FK characteristic bordism given

in Definition 2.28, Freedman-Kirby [FK78] considered 4-dimensional closed, oriented manifolds M

equipped with an oriented submanifold dual to w2(TM). An important aspect of FK characteristic

pairs that already aligns with our goals of this paper is that FK structures are equivalent to a

commonly studied twisted spin structure called a spinc structure.

Definition 3.1. Let V → X be an oriented vector bundle. A spinc structure on V is data of a

complex line bundle L with w2(V ) = w2(L).

L is referred to as the determinant line bundle of the spinc structure. An equivalent definition for a

spinc structure relies on a class c1 ∈ H2(X;Z) and an identification of c1 mod 2 = w2(V ), and we

will see an analogue of this definition used in the next section. We will see in Proposition 3.7 that

(1) Conjecture 2.32 is true for FK characteristic structures, and (2) the induced characteristic long

exact sequence, which appears in Kirby-Taylor [KT90, Corollary 6.12], is isomorphic to the spinc

Smith long exact sequence constructed in [DDK+24, Example 7.26].



16 ARUN DEBRAY, WEICHENG YE, AND MATTHEW YU

In light of the Pontryagin-Thom construction, the obstruction to finding a characteristic pair

(M,F ) is given as an obstruction to the existence of a map f in

(3.2)

MSO2

BSO K(Z/2, 2) .w2

f

In this case we can make a simplification:

Theorem 3.3 (Smith isomorphism). There is a homotopy equivalence MSO2 ≃ BSO2.

This is a standard fact in homotopy theory; see [Ada74, Example 2.1] for a reference. Theorem 3.3

is the infinite-dimensional version of the fact that the Thom space of the tautological bundle over

CPn is homotopy equivalent to CPn+1.

One helpful consequence of Theorem 3.3 is that a map to MSO2 is the data of a rank 2-vector

bundle V . In particular, the approximation to the long exact sequence in characteristic bordism by

the Smith long exact sequence, discussed in §2.3, is an isomorphism in this case.

Remark 3.4. The cases of MO1, MSO2 =MU1, and MSp1 are special in that they are the only

Thom spectra that lead to Smith isomorphisms in the sense of Theorem 3.3. We will see in the

later sections how the isomorphism fails for different Thom spaces.

The pullback square for the space of Freedman-Kirby pairs is therefore given by

(3.5)

BFK MSO2

BSO K(Z/2, 2)

L

V

⌟

w2(L)

w2(V )

which implies that the data of a FK pair is the data of a rank 2 oriented vector bundle L, a map

to BSO given by V and an identification w2(V ) = w2(L). This agrees with Definition 3.1: rank 2

oriented vector bundles are equivalent data to complex line bundles thanks to the isomorphism of

the respective structure groups SO2
∼= U1.

Proposition 3.6 ([KT90, Remark 6.14]). The characteristic structure of Freedman-Kirby is

equivalent to a spinc structure.

Proof. By definition, a Freedman-Kirby characteristic structure on an oriented vector bundle E →M

is data of a map f : M →MSO2 and an identification of w2(E) and f∗(U) in H2(M ;Z/2) – i.e., by

Definition 2.5, a (MSO2, 0, U)-twisted spin structure. The Smith isomorphism BSO2 →MSO2 pulls

U back to w2, so a Freedman-Kirby characteristic structure is equivalent to a (BSO2, w2)-twisted

spin structure, which is a spinc structure. □

Proposition 3.7.

(1) Conjecture 2.32 holds for Freedman-Kirby characteristic bordism: there is a map of spectra

R : MTFK → Σ2MTSpin ∧ (BSO2)+ which on homotopy groups is the characteristic map

(M,F ) 7→ F .
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(2) The induced characteristic long exact sequence (2.33), which has the form

(3.8) . . . −→ ΩSpin
k

i−−→ ΩFK
k

R−−→ ΩSpin
k−2 (BSO2)

a−−→ ΩSpin
k−1 −→ . . . ,

is isomorphic to the Smith long exact sequence associated to the Smith homomorphism

smL : MTSpinc → Σ2MTSpin ∧ (BSO2)+, where L → BSO2 is the tautological complex

line bundle.

Kirby-Taylor [KT90, Corollary 6.12] construct (3.8).

Proof. It suffices to show that the identification of FK-structures and spinc structures Proposition 3.6

intertwines the characteristic map sending a pair (M,F ) 7→ F and the Smith homomorphism sending

a spinc manifold M to a smooth representative of the Poincaré dual N of the Euler class of the

determinant line bundle LM →M . This is because, once we have established this, we can define

R = smL; thus the fibers of these maps are also identified, giving isomorphic long exact sequences

of homotopy groups.

So we want to show that the characteristic map (M,F ) 7→ F equals the Smith homomorphism

M 7→ N , where N is a Poincaré dual of e(LM ) (and we may use any such N). Since M is spinc,

w2(LM ) = w2(M), and e(LM ) mod 2 = w2(LM ), so we may choose N = F to show that smL is

also the characteristic map. □

By its relation to spinc, the sequence for FK characteristic bordism is the Smith long exact

sequence for spinc bordism, as described in [DDK+24, Example 7.26]. However the two sequences

have different interpretations for their entries. We first give the interpretation coming from the

Smith long exact sequence, which puts the symmetries at the forefront. In particular it is most

applicable in fermionic systems where the fermionic particles are charged under a U1 symmetry.

(1) An element in the group ΩSpin
k is a choice of k-dimensional manifold M with spin structure.

(2) Since FK and spinc structures are equivalent by Proposition 3.6, an element in ΩFK
k is a

manifold M with a principal SO2-bundle. In particular, the bundle is part of the data of

a (BSO2, L)-twisted spin structure for M . The map i sends a spin manifold to the spinc

structure with the trivial SO2-bundle.

(3) An element in ΩSpin
k−2 (BSO2) is a spin manifold with a principal SO2-bundle, where the spin

structure is not twisted. The map R represents taking the Poincaré dual with respect to

the Euler class of L.

(4) The final map labeled a takes the sphere bundle of the bundle L.

The second interpretation is more topological, and comes from unpacking how the sequence arises

from the characteristic pairs:

(1) An element in the group ΩSpin
k is a choice of k-dimensional manifold M with spin structure.

This has the same interpretation as in the Smith long exact sequence.

(2) An element of ΩFK
k is now represented by a pair (M,F ) where a submanifold F ⊂M which

is Poincaré dual to w2(TM), and a spin structure on M\F that is different from the spin

structure on M .4 The map i sends a spin manifold to the characteristic structure where we

take F = ∅.

(3) The map R restricts (M,F )→ F , with the normal bundle νF → F remembering how F

was embedded in M . Along F the tangent bundle of M decomposes as TF ⊕ νF . Using

4We can think of this last condition as the defect having some nontrivial action on the spin structure of M upon its

insertion.
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the fact that the restriction of w2(TM) to F is equal to w2(νF ), this means w2(TF ) = 0

and F is spin. The SO2-bundle arises from the symmetry in the normal direction, and F

therefore represents an element in ΩSpin
k−2 (BSO2).

(4) The map a can be interpreted as taking the boundary of a tubular neighborhood of F . This

is equivalent to the interpretation of a in the Smith long exact sequence.

We now elaborate on the physical context in which characteristic pairs can appear. The setup

begins with a four-manifold M with a chosen spin structure that can compatibly host a QFT T that

depends on a spin structure. We consider inserting a defect with the global property that it wraps

a codimension 2 submanifold F , which is Poincaré dual to w2(TM). For a chosen spin structure on

M\F , this structure does not extend across F by Proposition 2.24. In this sense the manifold F

acts as a hard codimension 2 boundary for M , and the theory T which is defined on M\F is not

defined on F . The theory T does however have an enhanced U1 global symmetry in this case thanks

to the defect F . This is a nontrivial fact, relying critically on the equivalence MSO2
∼= BSO2 to

ensure that the symmetry is not merely local to the defect but extends consistently throughout the

bulk.

We emphasize that, as stated in §2.2.1, we do not specify a choice of tangential structure for F ,

and this is in line with keeping F a defect that is inserted externally. A priori, specifying choices

of tangential structure on different subsets of M , M\F , and F can potentially lead to different

results for the characteristic bordism groups. See also Remark 3.87 for additional details on how

specifying a choice of a given tangential structure on F will lead to manifestly different results in

computations.

Taking the Anderson dual of the sequence in (3.8), as described in §2.3, gives an anomaly

interpretation of characteristic bordism. Due to the situation being exactly a Smith long exact

sequence, the interpretation can be given by the same analysis as in [COSY20, HKT20, DDK+23].

It would in general make sense to take the Anderson dual of such a sequence given in (2.33), and

we will compute examples of the groups ΩP
k in the subsequent subsections. Exactness then lends

some leverage in computing what the groups Ω?
k are. In Theorem 3.54 we compute these groups for

the case of GM characteristic bordism, and in Theorem 3.84 and Theorem 3.99 for KT− and KT+

respectively. Additionally the Anderson dual of Ω?
k should in principle include the obstruction to

symmetry breaking, however the full interpretation of how the obstruction arises is unclear.

3.2. Freedman-KirbyO Characteristic Bordism. We now turn to the pairs of FKO type

in Definition 2.28, when the ambient manifold M is unoriented, but F is co-oriented i.e. its

normal bundle is oriented and Poincaré dual to w2(TM).5 The classifying space BFKO of FKO

characteristic pairs lives in the following pullback:

(3.9)

BFKO MSO2

BO K(Z/2, 2) .

V

⌟

U

P

5If M is oriented that implies that F is co-oriented by applying the Whitney sum formula to the decomposition

TM |F = TF ⊕ νF .
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We will subsequently show that it turns out that the tangential structure for (M,F ) does

not depend on whether F is Poincaré dual to P = w2(V ) or P = w2(V ) + w1(V )2, however the

tangential structure on M\F does.

Definition 3.10. Let V → X be a vector bundle. A pinc structure on V is a trivialization of

□Z(w2(V )) where □Z : H
2(X;Z/2)→ H3(X;Z) is the Bockstein operator.

Lemma 3.11 (Čadek [Čad99]). Let V → X be a vector bundle and ẽ ∈ H1(BO1;Zw1
) denote the

twisted first Euler class. Then

(3.12) ẽ(det(V ))2 mod 2 = w1(V )2.

Because the product of two twisted cohomology classes is untwisted (see [Čad99]), ẽ2 is an

untwisted class in H2(BO1;Z), in fact the unique nonzero class (ibid., Theorem 1).

Corollary 3.13. The conditions □Z(w2(V )) = 0 and □Z(w2(V ) + w1(V )2) = 0 are equivalent.

So there is no difference between the pin− and pin+ versions of a pinc structure.6 In addition, if

P = w2(V ) has an integral lift i.e. if V is pinc, then P = w2(V ) + w1(V )2 automatically has an

integral lift. However, depending on whether F is Poincaré dual to w2(TM) or w2(TM)+w1(TM)2,

then M\F has either a pin+ resp. pin− structure by Lemma 2.21. Following the same proof as in

Propositions 3.6 and 3.7 we have the following:

Proposition 3.14. The structure of FKO characteristic pairs is equivalent to a pinc-structure.

Proposition 3.15.

(1) Conjecture 2.32 holds for FKO characteristic bordism: there are maps of spectra R± : MTFKO →
Σ2MTPin± ∧ (BSO2)+ which on homotopy groups is the characteristic map (M,F ) 7→ F .

(2) The induced characteristic long exact sequence (2.33), which have the form

(3.16) . . . −→ ΩPin±

k
i−−→ ΩFKO

k
R−−→ ΩPin±

k−2 (BSO2)
a−−→ ΩPin±

k−1 −→ . . . .

are isomorphic to the Smith long exact sequences associated to the Smith homomorphism

smL : MTPinc → Σ2MTPin± ∧ (BSO2)+.

The reason for the pair of long exact sequences is because pinc structures can be described as

either twisted pin+ or twisted pin− structures. The choice of defect F depends on this description.

Hambleton-Kreck-Teichner [HKT94, §2] work out the analogue of (3.16) for the bordism groups of

topological manifolds with topological analogues of pin+, pin−, and pinc structures. Moreover, as a

consequence of Theorem 3.3, these long exact sequences split:

Proposition 3.17. For all k, ΩPin±

k (BSO2) ∼= ΩPin±

k ⊕ ΩPinc

k−2 .

This result extends work of Hertl [Her17, Theorem 3.1.1] and Davighi-Lohitsiri [DL21, §A.1],

who calculated ΩPin−

∗ (BSO2), resp. Ω
Pin+

∗ (BSO2), in low degrees.

Proof. This is a consequence of Theorem 3.3 and the equivalencesMTPin± ≃ MTSpin∧(BO1)
±(1−σ)

(see [Pet68, §7] and [Sto88, §8]) and MTPinc ≃ MTSpin ∧ (BO1)
±(1−σ) ∧ Σ−2MSO2 (see [HS13,

§4C] or [FH21, (10.3)]). □

6There are other, similar-in-spirit tangential structures where the pin+ and pin− analogues are different, in-
cluding Freed-Hopkins’ pinc̃+ and pinc̃− structures [FH21, Proposition 9.4] and Nakamura’s spinc+ and spinc−

structures [Nak13, §3].
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We now shift focus to interpreting FKO in the context of introducing a defect along F . Much

of this interpretation parallels the approach taken in the FK case, with the following exception.

We see that if one started off with a theory on M that is unoriented, then inserting the defect F

gives the theory that lives on M\F a specific tangential structure depending on whether F was

Poincaré dual to w2(TM) or w2(TM) + w1(TM)2. This is an instance of how a choice of defect

can explicitly change the global structure of the theory i.e. determines what time-reversal structure

it has.

3.3. Guillou-Marin Characteristic Bordism. In this section we study the tangential structure

consisting of an orientation and a Poincaré dual submanifold F of w2, but unlike for Freedman-Kirby

structures, we do not require F to be oriented. Guillou-Marin [GM86] first considered this structure

and computed its degree-0 and 4 bordism groups. Using our methods we recover their results and

are able to extend the computation to other degrees.

The obstruction to finding a characteristic pair where the unoriented submanifold i : F ↪→M is

Poincaré dual to w2(TM) is given as an obstruction to a map f in

(3.18)

MO2

BSO K(Z/2, 2) .w2

f

The classifying space BGM of Guillou-Marin characteristic pairs, given in Definition 2.30, therefore

fits into the following pullback square:

(3.19)

BGM MO2

BSO K(Z/2, 2)

⌟

U

w2(TM)

which implies that a map to BGM is the data of a map to BSO which picks the orientation of M ,

a map to MO2, and an identification of w2(TM) and U .

Proposition 3.20. The structure of GM characteristic pairs is equivalent to a (MO2, 0, U)-twisted

spin structure.

Unlike in previous sections, it is not immediate whether there is a vector bundle W → MO2

with w1(W ) = 0 and w2(W ) = U . Rather than worry about whether such a bundle W exists, we

follow [DY23] and calculate with (0, U) directly. We briefly review the key steps.

(1) Given an E∞-ring spectrum R, May [May77, §III.2] constructs a space BGL1(R). In

the framework of Ando-Blumberg-Gepner [ABG18], twists of R-homology over a space X

are classified by maps f : X → BGL1(R): specifically, the f -twisted R-homology groups

of X are the homotopy groups of the R-module Thom spectrum MRf constructed by

Ando-Blumberg-Gepner-Hopkins-Rezk [ABG+14a, ABG+14b].
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(2) For R = MTSpin, a theorem of Beardsley [Bea17, Theorem 1] implies there is a map

T : BO/BSpin → BGL1(MTSpin) [DY23, §1.2.3], and there is a canonical homotopy

equivalence BO/BSpin ≃ K(Z/2, 1)×K(Z/2, 2) (ibid., Proposition 1.33).7

(3) Given a ∈ H1(X;Z/2) and b ∈ H2(X;Z/2), we therefore get a map fa,b : X → BGL1(MTSpin)

defined to be the composition

(3.21) fa,b : X
(a,b)−→ K(Z/2, 1)×K(Z/2, 2) ≃ BO/BSpin

T−→ BGL1(MTSpin).

Hebestreit-Joachim [HJ20, Corollary 3.3.8] show that the homotopy groups of the Thom

spectrum MMTSpinfa,b are naturally isomorphic to the bordism groups of manifolds with

(X, a, b)-twisted spin structures (Definition 2.5).

(4) As explained in [DY23, Corollary 2.37], because the Atiyah-Bott-Shapiro map Â : MTSpin →
ko [ABS64, Joa04] is 7-connected [ABP67], in order to compute (X, a, b)-twisted spin bor-

dism groups in degrees 7 and below, one may replace MMTSpinfa,b with Mko(Â ◦ fa,b).
Thus we want to compute πk(M

ko(Â ◦ f0,U )) for k ≤ 5, as these are isomorphic to the bordism

groups of k-dimensional (MO2, 0, U)-twisted spin manifolds.

We now turn to the tangential structure on F . Using the fact that TM |F = TF ⊕ νF , and
TM is oriented thanks to M being part of a GM pair, we directly see that w1(TF ) = w1(νF ) and

w2(TF ) + w1(TF )
2 = 0. This is equivalent to a (BO2, σ)-twisted spin structure, where σ → BOn

always denotes the determinant bundle of the tautological bundle. The map (M,F )→ F which

restricts onto the submanifold induces a map on characteristic bordism

(3.22) R : ΩGM
4 → ΩSpin

2 ((BO2)
σ−1) .

Unlike the sequences for Freedman-Kirby characteristic bordism in §3.1 we are unable to extend

the map in (3.22) to a long exact sequence unless we assume Conjecture 2.32. We address possible

approximations to a long exact sequence in §3.3.1.
Now we compute the low-dimensional (MO2, 0, U)-twisted spin bordism groups. At p = 2, we

will use a variant of the Adams spectral sequence due to Baker-Lazarev [BL01], but before that we

take care of the odd-primary case, which is simpler.

Lemma 3.23. The groups πk(M
MTSpinf0,U )⊗Z[1/2] are isomorphic to Z[1/2] for k = 0, Z[1/2]⊕2

for k = 4, and vanish for all other k < 8.

Proof. Forgetting from a spin structure to an orientation defines a homomorphism of E∞-ring

spectra ϕ : MTSpin → MTSO , which is an isomorphism after inverting 2; thus, the induced map

MMTSpinf0,U →MMTSO(ϕ ◦ f0,U ) is a homotopy equivalence after inverting 2. Therefore we will

focus on MMTSO(ϕ ◦ f0,U ).
The key fact is that, after base-changing to MTSO , the twist vanishes. Naturality of the map

T : BO/BG→ BGL1(MTG) in G (see [Bea17, Theorem 1] and [DY23, §1.2]) implies that ϕ ◦ f0,U
factors through the map BO/BSpin→ BO/BSO which is the projection K(Z/2, 1)×K(Z/2, 2)→
K(Z/2, 1) (ibid., Proposition 1.33) – in other words, sending (a, b) 7→ a. Thus (0, U) maps to the

zero twist, whose Thom spectrum is MTSO ∧ (BO2)+ (ibid., Example 1.7). That is, there is a map

πk(M
MTSpinf0,U )→ ΩSO

k (BO2) which is an isomorphism after tensoring with Z[1/2]; the rest of

the proof amounts to setting up the Atiyah-Hirzebruch spectral sequence

(3.24) E2
p,q = Hp(BO2; Ω

SO
q ⊗ Z[1/2]) =⇒ ΩSO

p+q(BO2)⊗ Z[1/2]

7See also Beardsley-Luecke-Morava [BLM23, §5.2] for some related perspectives and results constructing twists of
spin bordism.
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and observing that it collapses without extension problems to imply the lemma statement. □

This tells us everything except 2-torsion, which requires a different technique.

Definition 3.25. Let M be a ko-module; then, H∗
ko(M) := π−∗Mapko(M,HZ/2).

That is: H∗(M ;Z/2) is the homotopy groups of the spectrum of maps from M to the Eilenberg-

Mac Lane spectrum HZ/2; by instead asking for ko-module maps, we get H∗
ko(M). The ko-module

structure on HZ/2 is the usual one, induced from the (unique) E∞-ko-algebra structure given by

Postnikov truncation ko → HZ followed by mod 2 reduction HZ→ HZ/2.

Lemma 3.26 (Baker [Bak20, Theorem 5.1]). There is a canonical isomorphism H∗
ko(HZ/2) ∼= A(1),

where A(1) ⊂ A is the subalgebra generated by Sq1 and Sq2.

Thus, for any ko-module M , H∗
ko(M) is naturally an A(1)-module by postcomposition of a class

in A(1), thought of as a ko-linear map HZ/2→ ΣtHZ/2.

Theorem 3.27 (Baker-Lazarev [BL01]). Let M be a finite type, bounded-below ko-module. Then

there is a strongly convergent spectral sequence of Adams type

(3.28) Es,t
2 = Exts,tA(1)(H

∗
ko(M),Z/2) =⇒ πt−s(M)∧2 .

We will apply this for M =Mko(Â ◦ f0,U ), which satisfies the hypotheses of Theorem 3.27. The

first step is to determine H∗
ko(M

ko(Â ◦ f0,U )).

Theorem 3.29 ([DY23, Theorem 2.28(3)]). Let X be a space, a ∈ H1(X;Z/2) and b ∈ H2(X;Z/2),
and let Vko(a, b,X) denote the A(1)-module which is a free H∗(X;Z/2)-module on a single generator

Q and with A(1)-action specified by the formulas

Sq1(Qx) = Q(ax+ Sq1(x))(3.30a)

Sq2(Qx) = Q(bx+ aSq1(x) + Sq2(x))(3.30b)

Then, there is a natural isomorphism of A(1)-modules

(3.31) H∗
ko(M

ko(Â ◦ fa,b))
∼=−→ Vko(a, b,X).

Part of the content of Theorem 3.29 is that the formulas in (3.30) indeed satisfy the Adem

relations and therefore define an A(1)-action. If there is a vector bundle V → X with w1(V ) = a

and w2(V ) = b, then (3.30) is the Wu formula, with Q equal to the Thom class; thus one way to

think of Theorem 3.29 is that the Wu formula holds whether or not a and b come from a vector

bundle!

Definition 3.32. Let M0 := A(1)⊗A(0) Z/2 and M1 denote the unique nontrivial A(1)-module

extension of Σ4M0 by M0. Pictures of M0 and M1 can be found in [BC18, Figures 14, resp. 17].

Definition 3.33. Let M and N be A(1)-modules, and for any A(1)-module L, let L>n denote

the sub-A(1)-module of L spanned by homogeneous elements of degree strictly greater than n.

We say M and N are isomorphic up to degree n, written M ∼=≤n N , if there is an A(1)-module

isomorphism M/M>n
∼= N/N>n.

By using Theorem 3.29 and the known A(1)-module structure on H∗(MO2;Z/2) (see for

example [Cam17, Figure 6.6]), one can prove the following proposition.
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Proposition 3.34. There is an isomorphism up to degree 6

(3.35) H∗
ko(M

ko(Â ◦ f0,U )) ∼=≤6 M1 ⊕ Σ4M0 ⊕ Σ6Z/2.

See Figure 1, left, for a picture of Proposition 3.34. ExtA(1)(M0,Z/2) and ExtA(1)(M1,Z/2) can
be found in [BC18, Figures 15, resp. 18]. Quotienting above degree 6 induces an isomorphism in

Ext in degrees t− s ≤ 5, so we can draw the E2-page of Baker-Lazarev’s Adams spectral sequence

in Figure 1, right. In the range we are interested in, there are no differentials for degree reasons,

and all extensions are resolved by the h0-action on E∞, so we discover that there is no 2-torsion in

degrees 5 and below. Assembling this and Lemma 3.23, we have the following.

Proposition 3.36. There are isomorphisms

(3.37)

ΩGM
0
∼= Z

ΩGM
1
∼= 0

ΩGM
2
∼= 0

ΩGM
3
∼= 0

ΩGM
4
∼= Z2

ΩGM
5
∼= 0.

As a check, we see that our results agree with the computations of [GM86], who computed these

bordism groups in degrees 0 and 4.

0

1

2

3

4

5

6

Q

UQ

w1UQ

w2UQ

αQ w2
1w2UQ

Figure 1. Left: the A(1)-module structure on H∗
ko(M

ko(Â ◦ f0,U )) in low degrees.
The pictured module contains all classes in degrees 6 and below. As will be the
case in all the figures, curved lines that join points separated by two degrees denote
actions by Sq2, and straight lines joining points separated by one degree denote
Sq1 actions. Right: The E2-page of the Baker-Lazarev Adams spectral sequence
computing 2-completed (MO2, 0, U)-twisted spin bordism groups. We use this
spectral sequence to prove Proposition 3.36.

Remark 3.38. The map MO2 → K(Z/2, 2) is 3-connected, so in dimensions 3 and below, a GM-

structure is equivalent to a (K(Z/2, 2), 0, T )-twisted spin structure, where T ∈ H2(K(Z/2, 2);Z/2)
is the canonical class. But this is equivalent to an orientation! See [Bea17, §3] or [DY23, Example

1.28(2)]. Therefore ΩGM
∗
∼= ΩSO

∗ for ∗ = 0, 1, 2, 3, as we saw in Proposition 3.36.
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We now interpret the physical consequences of the GM characteristic pairs. The manifold M\F
is oriented so we do not demand that the theory placed on the manifold to have time-reversal

symmetry. Because F is unoriented, a theory defined on the defect supported at F can have a

time-reversal symmetry. Due to the fact that the structure on M\F does not extend across F , it is

possible to define a 4d theory and a 2d theory within the same background manifold, such that

the 4d theory does not necessarily have a time-reversal symmetry but the 2d theory does. Our

characteristic bordism computation implies that there are two bordism classes of pairs (M,F ) in

dimension 4, suggesting that there are two classes of QFTs which host these time-reversal invariant

topological defects. This example shows how the global structure of the defect F can lead to

different symmetry structures for theories that live on F and outside of it.

3.3.1. Symmetry Approximations to GM. We give the first example of how the Smith long exact

sequences can be used to approximate the sequences that arise from characteristic bordism, in

the spirit of §2.3. We will show that that a spin-O2 structure approximates the structure of GM-

characteristic pairs. In our notation, spin-O2 is the group (Spin×O2)/(⟨−1, x⟩) where (⟨−1, x⟩)
generates the diagonal Z/2-subgroup. The classifying space of spin-O2 structures fits into the

following pullback square:

(3.39)

B(Spin-O2) BO2

BSO K(Z/2, 2) .

V

⌟

w2(V )

w2(TM)

The map BO2 → K(Z/2, 2) is the mod 2 Euler class of V , which is w2(V ). The pullback then

implies that the data of a spin-O2 structure is that of an orientation on TM , and an identification

w2(TM) = w2(V ). We note that due to the map z : BO2 →MO2, i.e. taking the zero section, we

have a map B(Spin-O2)→ BGM.

Lemma 3.40. Let V → BO2 be the tautological rank-2 vector bundle. A Spin-O2 structure on M

is equivalent to a (BO2, V ⊕ 3 det(V ))-twisted spin structure.

Proof. Since a spin structure induces an orientation, we must have w1(TM ⊕ V ⊕ 3 det(V )) = 0. It

follows from a straightforward application of the Whitney sum formula that w1(TM⊕V ⊕3 det(V )) =

0 implies that w1(TM) = 0 since w1(V ) = w1(3 det(V )). Furthermore w2(TM ⊕ V ⊕ 3 det(V )) = 0

implies

w2(TM) + w2(V ⊕ 3 det(V )) + w1(TM)w1(TM ⊕ 3 det(V )) = 0 ,(3.41a)

w2(TM) + w2(V ) + w2(3 det(V )) + w1(V )w1(3 det(V )) = 0 ,(3.41b)

and thus w2(TM) = w2(V ). □

See [DDHM24, Corollary 14.16] for an analogue of Lemma 3.40 with O2 replaced with the

dihedral group D8.

We compute the bordism groups for spin-O2 using the shearing construction in Lemma 2.14 to

write this twisted spin structure as the spectrum

(3.42) MTSpin ∧ (BO2)
V⊕3 det(V )−5 ,
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There is no odd-primary torsion, which can be proven in essentially the same manner as in

Lemma 3.23. At p = 2, we use the Adams spectral sequence. The Wu formula tells us the

A(1)-action on H∗((BO2)
V+3det(V )−5;Z/2):

(3.43) Sq1U = 0, Sq2U = w2(V )U .

where U ∈ H0((BO2)
V⊕3 det(V );Z/2) is the Thom class. Computing with this quickly gives a

complete calculation of the A(1)-module structure in low degrees. To specify it, though, we must

name a few commonly occurring A(1)-modules.

Definition 3.44.

(1) The elephant, denoted R2, is the kernel of the unique nonzero A(1)-module homomorphism

Σ−1A(1)→ Σ−1Z/2.8

(2) The upside-down question mark is Q := A(1)/(Sq1,Sq2Sq3).

Proposition 3.45. There is an A(1)-module isomorphism

(3.46) H∗((BO2)
V+3det(V )−5;Z/2) ∼= R2 ⊕ Σ3A(1)⊕ Σ4Q⊕ Σ5A(1)⊕ P,

where P is concentrated in degrees 7 and above.

We draw a picture of this isomorphism in Figure 2, left. Next, we look up the Ext groups of

these summands to determine the E2-page of the Adams spectral sequence: Exts,tA(1)(R2,Z/2) and
Exts,tA(1)(Q,Z/2) can be found in [BC18, Figure 29]. Using this, we draw the E2-page of the Adams

spectral sequence in Figure 2, right.

0

1

2

3

4

5

6

7

8

9

10

11

U

Uw1

Uw3
1

Uw2
2

Uw1w
2
2

Figure 2. Left: The A(1)-module structure on H∗((BO2)
V⊕3 det(V )−5); this

summand includes all classes in degree 6 and below. Right: The E2-page of the
Adams spectral sequence computing 2-completed spin-O2 bordism. We use this in
Proposition 3.47.

8The name “elephant” is due to Buchanan-McKean [BM23, Figure 1].
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Proposition 3.47. There are isomorphisms

(3.48)

ΩSpin-O2

0
∼= Z

ΩSpin-O2

1
∼= Z/2

ΩSpin-O2

2
∼= Z/2

ΩSpin-O2

3
∼= Z/2

ΩSpin-O2

4
∼= Z⊕ Z

ΩSpin-O2

5
∼= Z/2

In degrees 3 and below, Proposition 3.47 is due to Stehouwer [Ste22, §4.1]; the rest is new.

We can construct a Smith long exact sequence with Spin-O2 using the notation in §2.3 in

the following way: we take the manifold X = BO2 and the two bundles over BO2 to be V and

σ = det(V ) as per (2.36). This gives the sequence9

(3.49)

. . .→ ΩSpin
k−1

(
(BO2)

σ−1
)
→ ΩSpin

k (BO1)→ ΩSpin-O2

k

SV−−→ ΩSpin
k−2

(
(BO2)

σ−1
)
→ ΩSpin

k−1 (BO1)→ . . . ,

where the sphere bundle of V → BO2 is given by BO1 and the pullback of V ⊕ 3 det(V ) is given

by 4 times the canonical bundle over BO1, which is spin. Applying the Smith map with respect

to the bundle V leads to a (BO2, 2V + 3σ)-twisted spin structure, but since 2V + 2σ is spin, this

is equivalent to a (BO2, σ)-twisted spin structure (see e.g. [Deb21, Theorem 1.29]), and gives the

fourth entry in (3.49), and matches the target of the map in (3.22).

By inspecting the groups ΩSpin-O2

k in Proposition 3.47 we see why ΩSpin-O2

k only approximates

ΩGM
k . Nevertheless, we will be able to gain some information on the characteristic LES by studying

(BO2, σ)-twisted spin bordism.

Proposition 3.50. There are isomorphisms

(3.51)

ΩSpin
0 ((BO2)

σ−1) ∼= Z/2

ΩSpin
1 ((BO2)

σ−1) ∼= Z/2

ΩSpin
2 ((BO2)

σ−1) ∼= Z⊕ Z/8

ΩSpin
3 ((BO2)

σ−1) ∼= Z/2

ΩSpin
4 ((BO2)

σ−1) ∼= 0

ΩSpin
5 ((BO2)

σ−1) ∼= Z/16.

Proof. By [Deb21, Lemma 3.30], there is a splitting

(3.52) (BO2)
σ−1 ≃−→ (BO1)

σ−1 ∨M

for a spectrum M whose mod 2 cohomology is, as an A(1)-module, isomorphic to a complementary

subspace of H∗((BO2)
σ−1;Z/2) to the one spanned by {Uwk

1 : k ≥ 0}. Since ΩSpin
∗ ((BO1)

σ−1) ∼=
ΩPin−

∗ [Pet68, §7], we will focus on computing ΩSpin
∗ (M), then at the end direct-sum on pin−

bordism groups, which are computed in [ABP69].

There is no odd-primary torsion in ΩSpin
∗ (M), and the proof is similar to previous cases in this

paper. At p = 2, we again use the Adams spectral sequence. Using the description of H∗(M ;Z/2)

9In previous work [DYY23, Proof of Proposition A.25], we also studied an additional Smith long exact sequence

involving spin-O2 bordism.
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in the previous paragraph, we obtain an A(1)-module isomorphism

(3.53) H∗(M ;Z/2) ∼= Σ2Q⊕ Σ3A(1)⊕ P,

where P is concentrated in degrees 6 and above. We draw this in Figure 3, left. We have already

seen the Ext groups of Q and A(1), so we can draw the E2-page of the Adams spectral sequence in

Figure 3, right. Margolis’ theorem [Mar74] implies this spectral sequence collapses in the range

depicted, and all extension problems are solved by the h0-action on the E∞-page, finishing the

proof. □

2

3

4

5

6

7

8

9

Uw2

Uw1w2

Figure 3. Left: The A(1)-module structure on
H∗((BO2)

σ−1;Z/2)/H∗((BO1)
σ−1;Z/2); this summand includes all classes

in degree 5 and below. Right: The E2-page of the corresponding Adams spectral

sequence, which computes a summand of the 2-completion of ΩSpin
∗ ((BO2)

σ−1).
We use this in Proposition 3.50.

Theorem 3.54. Assume Conjecture 2.32, so that we may let FGM denote the fiber of the charac-

teristic map of spectra MTGM → Σ2MTSpin ∧ (BO2)
σ−1. Then there are isomorphisms

(3.55)

π0(FGM) ∼= Z π3(FGM) ∼= 0

π1(FGM) ∼= Z/2 π4(FGM) ∼= Z⊕ Z/2

π2(FGM) ∼= Z/2 π5(FGM) ∼= 0.

In addition, the characteristic long exact sequence is as given in Figure 4.

Proof. We will use the characteristic long exact sequence to compute π∗(FGM) in degrees 5 and

below. To do so, we need ΩGM
∗ in degrees 5 and below, which we computed in Proposition 3.36,

and ΩSpin
∗ ((BO2)

σ−1) in degrees 4 and below, which we computed in Proposition 3.50. Then, the

theorem follows by exactness of the characteristic long exact sequence. □

After applying Anderson duality to this long exact sequence, we obtain a long exact sequence

of invertible field theories describing anomalies of field theories with Guillou-Marin structure and

their relationships with anomalies on the respective defect theories.

Corollary 3.56. Assuming Conjecture 2.32, consider a k-dimensional field theory on manifolds

with Guillou-Marin structure. For k = 0, 1, and 3, the defect map ℧k−1
Spin((BO2)

σ−1)→ ℧k+1
GM is 0.

For k = 2, the map is nonzero and there is a Z-valued obstruction to pulling the anomaly of the

theory back to the defect.
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k πk(FGM) ΩGM
k ΩSpin

k−2 ((BO2)
σ−1)

0 Z Z 0

1 Z/2 0 0

2 Z/2 0 Z/2

3 0 0 Z/2

4 Z⊕ Z/2 Z2 Z⊕ Z/8

5 0 0 Z/2

6 0

∼=

∼=

∼=

ϕ

(0,1)

Figure 4. The characteristic long exact sequence for Guillou-Marin’s characteristic
structure, which we prove in Theorem 3.54. The map ϕ sends (1, 0) 7→ (0, 8) and
(0, 1) 7→ 0.

We would be interested in understanding this 2-dimensional obstruction more explicitly in

example field theories. Because the obstruction group is torsion-free, the effect on anomalies should

be visible at the perturbative level, and thus may be easier to detect than in other examples.

Remark 3.57. A version of a characteristic long exact sequence was proposed in [KT90, Remark

6.15] where it was stated to take the form

(3.58) . . .→ ΩSpin
k−1

(
(BO2)

σ−1
)
→ ΩPin−

k → ΩGM
k

R−−→ ΩSpin
k−2

(
(BO2)

σ−1
)
→ ΩPin−

k−1 → . . . , .

However, this is not exact as can be seen by tensoring with Q. What the the sequence in (3.49)

offers is an approximation to such a sequence.

Remark 3.59 (Spin-O2 bordism in higher degrees). It is possible to completely solve spin-O2

bordism in all degrees by borrowing a strategy used by Buchanan-McKean [BM23] and Mills [Mil24]

to compute spinh bordism groups. As input, one shows that H∗((BO2)
V+3det(V )−5;Z/2) is

a direct sum of a copy of Σ8kR2 ⊕ Σ8k+4Q for all k ≥ 0, together with a free A(1)-module

with degreewise finite rank. Combining this with Anderson-Brown-Peterson’s determination of

H∗(MTSpin;Z/2) [ABP67], one has a complete description of H∗(MT (Spin-O2);Z/2) and can

apply a theorem of Stolz [Sto94, Theorem 4.1] to decompose MT (Spin-O2) into well-understood

spectra and therefore compute spin-O2 bordism groups in arbitrarily high degrees.

Following Anderson-Brown-Peterson [ABP66, ABP67] and Buchanan-McKean [BM23], one can

show that this implies there exists a collection of twisted KO- and KSp-cohomology characteristic
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classes such that the corresponding characteristic numbers, together with Stiefel-Whitney numbers,

detect spin-O2 bordism. For example, for k = 0, 1, 2, 4, ΩSpin-O2

k is detected by twisted KO- and

KSp-characteristic numbers corresponding to the R2 and Σ4Q summands in Figure 2, respectively;

ΩSpin-O2

3 is detected by the Stiefel-Whitney number (M,E) 7→
∫
M
w1(E)

3, where E → M is the

O2-bundle associated to the spin-O2 structure.

3.4. Kirby-Taylor− Characteristic Bordism. In this subsection we study the bordism groups

with respect to the characteristic structure introduced in Definition 2.31.

The obstruction to finding a submanifold i : F ↪→ M with respect to the KT± structures, by

Theorem 2.25, corresponds to the obstruction to finding a lift f in the following diagram,

(3.60)

MO2

BO K(Z/2, 2) .

U

P±

f

where P− = w2(TM)+w1(TM)2, P+ = w2(TM) and U is the Thom class for MO2. Kirby-Taylor

characteristic pairs fit into the following pullback square:

(3.61)

BKT± MO2

BO K(Z/2, 2) .

U

P±

⌟

The data of the map consist of three pieces:

• The tangent bundle of M ,

• A map M →MO2, which gives the submanifold F ,

• The identification P = U , such that we can (and do) choose a pin± structure on TM ⊕ U .

This is the twisted pin± structure twisted by U .

Proposition 3.62. The tangential structure of KT−-characteristic pairs is equivalent to an

(MO2, U)-twisted pin−-structure.10

For the purpose of computation, we can translate these data into the following twisted spin

structure. We first unfold the computations in the case where P = w2(TM) + w1(TM)2. As a

twisted spin structure, the diagram in (3.61) can equivalently be expressed as the pullback square:

(3.63)

BKT− MO2 ×BO1

BO K(Z/2, 2)×K(Z/2, 1) ,

σ

⌟

(U+w2
1(σ),w1(σ))

(w2,w1)

10Analogously to Definition 2.5, an (X, b)-twisted pin− structure on a vector bundle E → M is the data of a map

f : E → X and a trivialization of w2(E) + w1(E)2 + f∗(b).
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The data of KT− characteristic pairs thus consists of the following:

• a map to MO2, and a principal Z/2-bundle σ which is the tautological bundle over

BO1
∼= RP∞,

• a map to BO given by a vector bundle V ,

• an identification w1(V ) = w1(σ) ,

• an identification U = w2(V ) + w1(σ)
2, i.e. U = w2(V ) + w1(V )2.

Along the manifold F we have the decomposition TM |F = TF ⊕νF where the normal bundle νF
is a rank 2 vector bundle and w2(TM) = w2(νF )+w1(νF )

2 by Corollary 2.23, and w1(TM) = w1(σ)

since M was unoriented. Then by the Whitney sum formula we obtain the tangential structure on

F :

Lemma 3.64. Let V be a BO2-bundle and σ be a BO1-bundle. The submanifold F in a KT−

characteristic pair has a twisted spin structure with twistings given by:

(3.65)
w1(TF ) = w1(σ) + w1(V ) ,

w2(TF ) = w1(σ)
2 + w1(σ)w1(V ) + w1(V )2 .

By unwinding the definitions of the twisted tangential structure in Proposition 3.62 allows us to

write a KT− structure as a (BO1 ×MO2, w1, U)-twisted spin structure. Thus we want to compute

the low-degree homotopy groups of the corresponding ko-module Thom spectrum Mko(Â ◦ fw1,U ).

The twist Â◦fw1,U : BO1×MO2 → BGL1(ko) is an external sum of the twists Â◦fw1,0 : BO1 →
BGL1(ko) and Â ◦ f0,U : MO2 → BGL1(ko). Beardsley [Bea17, Theorem 1] has shown that the

Thom spectrum functor is symmetric monoidal, implying an equivalence

(3.66) Mko(Â ◦ fw1,U ) ≃Mko(Â ◦ fw1,0) ∧ko Mko(Â ◦ f0,U ).

This is more helpful than it looks: we have a Künneth formula for ko-modules M and N of the

form

(3.67) H∗
ko(M ∧ko N) ∼= H∗

ko(M)⊗Z/2 H
∗
ko(N),

which is an A(1)-module isomorphism if we give the right-hand side the A(1)-module structure

satisfying the Cartan formula

(3.68) Sqk(x⊗ y) =
∑

i+j=k

Sqi(x)⊗ Sqj(y) .

Moreover, both of the factors on the right-hand side of (3.66) are familiar: we computedH∗
ko(M

ko(Â◦
f0,U )) in Proposition 3.34. If σ → BO1 denotes the tautological bundle, then (w1, 0) = (w1(σ), w2(σ)),

so Mko(Â ◦ fw1,0) ≃ ko ∧ (BO1)
σ−1. Thus we can determine the E2-page of the Baker-Lazarev

Adams spectral sequence in the range we need by tensoring together these two A(1)-modules. We

also compute the tensor product for (BO1)
3σ−3 in place of (BO1)

σ−1, as we will need it later.

We draw the most relevant submodules of H∗
ko(M

ko(Â ◦ f0,U );Z/2) and H∗((BO1)
σ−1;Z/2)

involved in the tensor product in Figure 5.

Proposition 3.69. There are isomorphisms of A(1)-modules

(3.70)
M1 ⊗H∗((BO1)

σ−1;Z/2) ∼=M1 ⊗H∗((BO1)
3σ−3;Z/2)

∼= A(1)⊕ Σ2A(1)⊕ Σ4A(1)⊕ Σ4A(1)⊕ P,

where P is concentrated in degrees 5 and above.
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1
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Figure 5. Left: The A(1)-module M1 (Definition 3.32). In Proposition 3.34 we

showed that, modulo classes of degree at least 7, M1 is a summand of H∗
ko(M

ko(Â◦
f0,U )). Right: the A(1)-module structure on H∗((BO1)

σ−1;Z/2).

Beware: the two isomorphisms in the σ−1 and 3σ−3 cases are not the same maps of underlying

vector spaces!

Since M0
∼=≤3 M1, this also gives us information on Σ4M0 ⊗H∗((BO1)

σ−1;Z/2) (and similarly

for (BO1)
3σ−3) in degrees 4 and below. Thus:

Proposition 3.71. There are (different!) A(1)-module isomorphisms

H∗
ko(M

ko(Â ◦ f0,U ) ∧ (BO1)
σ−1) ∼= A(1)⊕ Σ2A(1)⊕ Σ4A(1)⊕ Σ4A(1)⊕ Σ4A(1)⊕ P+(3.72a)

H∗
ko(M

ko(Â ◦ f0,U ) ∧ (BO1)
3σ−3) ∼= A(1)⊕ Σ2A(1)⊕ Σ4A(1)⊕ Σ4A(1)⊕ Σ4A(1)⊕ P−,

(3.72b)

for A(1)-modules P± concentrated in degrees 5 and above.

We draw these isomorphisms in Figure 6 (left) and Figure 9.

Margolis’ theorem [Mar74] implies that the respective Adams spectral sequences collapse without

extension questions in the degrees we care about. Thus:

Proposition 3.73. There are isomorphisms

(3.74)

ΩKT−

0
∼= Z/2

ΩKT−

1
∼= 0

ΩKT−

2
∼= Z/2

ΩKT−

3
∼= 0

ΩKT−

4
∼= (Z/2)⊕3.

Remark 3.75. Analogous to GM-characteristic bordism in §3.3 the computations for KT−-characteristic

bordism agree with ΩO
k for k = 0, 1, 2, 3. Compare [KT90, Theorem 7.1].

We now remark on the physics of the KT− pair. A similar interpretation works for the KT+

pair. Upon inserting a defect along an unoriented submanifold F in M , the manifold M\F has a

pin− structure due to Lemma 2.21. Therefore a theory outside of the defect, defined on M\F , can

support fermions and a time-reversal symmetry with T 2 = 1, but those fermions do not extend to
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Q(U + t2)

QUt

Qt2

QUt2

β

Qt4 QUw2 QUw2
1

Figure 6. Left: The A(1)-modules that arise from tensoring the two A(1)-modules
in Figure 5. The class β = Q(Ut3+ t5). Right: The E2-page of the Adams spectral
sequence computing the nontrivial homotopy groups in degrees less than 5.

F . In electron systems, we will interpret a defect as a local deformity of the background lattice,

but there is nothing obstructing the electrons from existing on the defect. If the global structure

of the lattice is proliferated with defects wrapped on unorientable manifolds such as the type of

F , then the situation can be potentially modeled with a KT− pair in the IR, where the defects

collectively behave as a codimension 2-submanifold. If the global structure of the defect makes it

Poincaré dual to w2(TM) + w1(TM)2 then the electrons now cannot restrict onto the defects!

Now we will draw out the (conjectural) characteristic long exact sequence for KT− bordism,

analogously to how we proved Theorem 3.54 for Guillou-Marin bordism. The first step is to

compute the bordism groups for the symmetry type of the characteristic submanifold F ; as we

showed in Lemma 3.64, this is a (BO1 × BO2; a+ b, a2 + ab+ b2)-twisted spin structure, where

we let a := w1 ∈ H1(BO1;Z/2), b := w1 ∈ H1(BO2;Z/2), and c := w2 ∈ H2(BO2;Z/2). Let

τ− := (a+ b, a2 + ab+ b2).

For notational convenience, let Mτ− :=MMTSpinfa+b,a2+ab+b2 (which we defined, along with

its approximation Mko(Â ◦ fa+b,a2+ab+b2), in Item 4). Thus the homotopy groups of Mτ− are

isomorphic to the (BO1 ×BO2, τ
−)-twisted spin bordism groups.11,12

Lemma 3.76. Let MV (a+ b, a2 + ab+ b2) denote the ko-module Thom spectrum defined in the

same way as Mko(Â ◦ fa+b,a2+ab+b2), but over BO1 × BO1 rather than BO1 × BO2. Then the

standard inclusion O1 × O1 ↪→ O1 × O2 induces the inclusion of the first direct summand in a

ko-module splitting

(3.77) Mko(Â ◦ fa+b,a2+ab+b2)
≃−→MV (a+ b, a2 + ab+ b2) ∨M

for some ko-module spectrum M such that the induced map H∗
ko(M)→ H∗

ko(M
ko(Â◦fa+b,a2+ab+b2))

is the inclusion of a subspace complementary to that spanned by {Uaibj : i, j ≥ 0}.

11It is possible to find a vector bundle W → BO1 ×BO2 realizing this twist, but we do not need that, so do not

bother.
12See also Hertl [Her17] for additional calculations of twisted spin bordism over BO1 ×BO2.
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The proof is completely analogous to that of [Deb21, Lemma 3.30]: the mapMko(Â◦fa+b,a2+ab+b2)→
MV (a+ b, a2 + ab+ b2) induced by (id,det) : BO1 ×BO2 → BO1 ×BO1 provides a section to the

inclusion map.

The matrix

(
1 0

1 1

)
is an element of GL2(F2) = Aut(O1×O1); the induced map on cohomology

sends a 7→ a + b and b 7→ b, so it sends a + b 7→ a and a2 + ab + b2 7→ a2 + ab + b2. Thus we

have a ko-module equivalence MV (a + b, a2 + ab + b2) ≃ MV (a, a2 + ab + b2). The low-degree

homotopy groups of MV (a, a2 + ab+ b2) are calculated in [Deb21, Theorem 4.26, case n = 2]; see

also [DKPTS] for partial information in higher degrees. Thus, we will focus on the complementary

summand M , and add on the (BO1 ×BO1, a+ b, a2 + ab+ b2)-twisted spin bordism groups later.

Lemma 3.78. There is an A(1)-module isomorphism

(3.79) H∗
ko(M) ∼= Σ2A(1)⊕ Σ3A(1)⊕ P,

where P is concentrated in degrees 4 and above. The two listed free summands are spanned by Uc,

resp. Ubc.

Corollary 3.80. The low-degree (BO1 ×BO2, a+ b, a2 + ab+ b2)-twisted spin bordism groups are:

(3.81)

ΩSpin
0 (BO1 ×BO2, τ

−) ∼= Z/2

ΩSpin
1 (BO1 ×BO2, τ

−) ∼= Z/2

ΩSpin
2 (BO1 ×BO2, τ

−) ∼= Z/2⊕ Z/2

ΩSpin
3 (BO1 ×BO2, τ

−) ∼= Z/2⊕ Z/2.

The following are complete invariants:∫
b : ΩSpin

1 (BO1 ×BO2, τ
−) −→ Z/2(3.82a) ∫

c,

∫
b2 : ΩSpin

2 (BO1 ×BO2, τ
−) −→ Z/2⊕ Z/2.(3.82b)

Proof. This is a combination of the bordism groups from [Deb21, Theorem 4.26] (for the O1 ×O1

part) and Margolis’ theorem, which tells us that M is equivalent to Σ2HZ/2 ∨ Σ3HZ/2 ∨M ′ for a

3-connected spectrum M ′. Integrals of mod 2 cohomology classes appearing as bordism invariants

occur for classes whose images in the Adams spectral sequence are in filtration 0: see [Deb21,

Figure 1, right], and free A(1)-modules always meet this criterion. □

Remark 3.83. We do not need complete invariants in dimension 3, but one can show that they are

given by
∫
bc together with the Smith homomorphism associated to the determinant line bundle of

the O2-bundle, which lands in ΩPin+

2 (BO2); then project onto ΩPin+

2
∼= Z/2.

Using Proposition 3.73 and Corollary 3.80, together with the characteristic long exact sequence,

we can compute some homotopy groups of the fiber FKT− . Unfortunately, we learn less than we

did for Guillou-Marin characteristic bordism.

Theorem 3.84. Assume Conjecture 2.32 is true, so that there is a characteristic map of spectra

MTKT− → Σ2MMTSpinτ−, and let FKT− denote the fiber of this map. Then there is an abelian
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group A− of order 4 and a nonzero abelian group B− such that

(3.85)

π0(FKT−) ∼= Z/2

π1(FKT−) ∼= Z/2

π2(FKT−) ∼= A−

π3(FKT−) ∼= 0

π4(FKT−) ∼= B−,

and the characteristic long exact sequence is as given in Figure 7.

Proof. Looking at Figure 7, most of the theorem follows from our prior bordism computations

in Proposition 3.73 and Corollary 3.80 along with exactness – as soon as we know R : ΩKT−

2 →
ΩSpin

0 (BO2 ×BO1, τ
−) vanishes. We will show this by computing on a generator.

The pair (RP2,∅) has a KT− characteristic structure, because w2(RP2) +w1(RP2)2 = 0 (in fact

this is true for all closed 2-manifolds by the Wu formula), and ∅ is Poincaré dual to 0. This pair

represents the nonzero element of ΩKT−

2 because it is detected by (M,F ) 7→
∫
w2(M). However, R

sends (RP2,∅) 7→ ∅, which (vacuously) bounds. Thus, as claimed, the characteristic map vanishes

on ΩKT−

2 . □

k πk(FKT−) ΩKT−

k ΩSpin
k−2 (BO1 ×BO2, τ

−)

0 Z/2 Z/2 0

1 Z/2 0 0

2 A− Z/2 Z/2

3 0 0 Z/2

4 B− (Z/2)⊕3 (Z/2)⊕2

∼=

0

∼=

Figure 7. The characteristic long exact sequence for the KT− characteristic
structure, which we prove in Theorem 3.84. Here A− is either Z/4 or Z/2⊕ Z/2
and B− is some nonzero abelian group.

Just as we did for Guillou-Marin bordism, we can apply Anderson duality to interpret the

characteristic long exact sequence in terms of anomalies. As all of the bordism groups we found are

torsion, this is simpler, but means that all anomaly-theoretic information in this case is invisible to

perturbative computations.

Corollary 3.86. Assuming Conjecture 2.32, consider a k-dimensional field theory on manifolds

with KT− structure. For k = 0, 1, and 2, the defect map ℧k−1
Spin(BO1 × BO2, τ

−) → ℧k+1
KT− is 0.

For k = 3, the map is nonzero and there is a B−-valued obstruction to pulling the anomaly of the

theory back to the defect.
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It would be interesting to determine the precise structure of B− and compute this obstruction

in examples.

Remark 3.87. In the work of [KT90] where the KT− characteristic pairs first appeared, the authors

demanded a map from the characteristic structures on (M,F ) to the space of pin− structures on

F . In particular the authors were explicitly using the fact that F was a pin− manifold in the

computations of their characteristic bordism group denoted Ω!
∗. The important distinction that

we would like to draw here is that the condition of Definition 2.31 does not imply that F has to

have a pin− structure necessarily. In fact, [KT90, Lemma 6.7] gives the full condition for when F

is pin−. Since the physical context in which we interpret characteristic structures does not require

the choice of tangential structure on F , we will continue forward using Definition 2.31, and hence

take a different approach than Kirby and Taylor. This is also reflected in the difference of our

bordism computations versus Kirby and Taylor in degrees 3 and 4, see [KT90, Theorem 7.2] and

[KT90, Theorem 7.3] respectively for the results. In this paper, we do not encode the condition

that Kirby and Taylor requires to give F a pin− structure in a homotopical manner.

3.5. Kirby-Taylor+ Characteristic Bordism. Similar to the case of BKT− from §3.4, we can

construct the pullback for BKT+ where the manifold F is Poincaré dual to w2(TM). This gives

(3.88)

BKT+ MO2 ×BO1

BO K(Z/2, 2)×K(Z/2, 1) ,

σ

⌟

(U,w1(σ))

(w2,w1)

which implies that the data of a KT+ structure consists of an identification w2(V ) = U and

w1(V ) = w1(σ).

Proposition 3.89. The structure of KT+-characteristic pairs is equivalent to (MO2, U)-twisted

pin+ structures.

The structure on the submanifold F can be determined analogous to the KT− case in Lemma 3.64.

Lemma 3.90. Let V be a BO2-bundle and σ be a BO1-bundle. The submanifold F in a KT+

characterisic pair has a twisted spin structure with twistings given by:

w1(TF ) = w1(σ) + w1(V ) ,(3.91)

w2(TF ) = w1(V )2 + w1(σ)w1(V ) .

We can express a (MO2, U)-twisted pin+ structure as a (BO1 ×MO2, w1, w
2
1 + U)-twisted spin

structure. The computation determining the E2-page of the Baker-Lazarev Adams spectral sequence

for the corresponding ko-module twist is completely analogous to our argument for KT−, splitting

the Thom spectrum Mko(Â ◦ fw1,w2
1+U ) as a smash product of Mko(Â ◦ f0,U ) and ko ∧ (BO1)

3σ−3.

Again we tensor together the corresponding two A(1)-modules in Proposition 3.71, then take Ext

(which is trivial, because in the degrees we need, this A(1)-module is free). The individual modules

are drawn on the left in Figure 5 and in Figure 8, respectively. We compute the bordism groups in

Figure 9, which shows:
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Figure 8. The A(1)-module structure for H∗((BO1)
3σ−3;Z/2). The correspond-

ing twisted spin structure is equivalent to a pin+ structure. The Steenrod actions
on the Thom class are given by Sq1U = w1(3σ)U and Sq2U = w2(3σ)U .

Proposition 3.92. There are isomorphisms

(3.93)

ΩKT+

0
∼= Z/2

ΩKT+

1
∼= 0

ΩKT+

2
∼= Z/2

ΩKT+

3
∼= 0

ΩKT+

4
∼= (Z/2)⊕3.

0
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3
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Q

QU

α

Qt2

γ

Ut3

Qt4 QUw2 QUw2
1

Figure 9. The A(1)-modules up to degree 4 for the tensor H((MO2)
U ;Z/2)⊗

H((BO1)
3σ;Z/2). The classes α = Q(Ut + t3), β = Q(Ut2 + t4). This module

is isomorphic to the one in Figure 6, but we indicate how the marked classes in
Figure 6 have changed in the modules above.

Now we will work out the characteristic long exact sequence for KT+ bordism in low degrees (as

always, to do this we have to assume Conjecture 2.32). The first step is to compute the bordism
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groups for the structure present on F . In Lemma 3.90, we saw that this is a (BO1×BO2, a+b, ab+b
2)-

twisted spin structure, where we again let a := w1 ∈ H1(BO1;Z/2) and b := w1 ∈ H1(BO2;Z/2).
We will refer to this twisting data as τ+.

Theorem 3.94. The low-degree (BO1 ×BO2, a+ b, ab+ b2)-twisted spin bordism groups are

(3.95)

ΩSpin
0 (BO1 ×BO2; τ

+) ∼= Z/2

ΩSpin
1 (BO1 ×BO2; τ

+) ∼= Z/2

ΩSpin
2 (BO1 ×BO2; τ

+) ∼= (Z/2)⊕2

ΩSpin
3 (BO1 ×BO2; τ

+) ∼= Z/8⊕ Z/2

ΩSpin
4 (BO1 ×BO2; τ

+) ∼= (Z/2)⊕4.

Proof. The outline of this proof is identical to that of Corollary 3.80 and its constituent lemmas

(Lemmas 3.76 and 3.78); only the specifics of the computation differ. Thus in this proof we focus

on the differences.

• Define MV (a + b, ab + b2) analogously to how we defined MV (a + b, a2 + ab + b2) in

Lemma 3.76; then, the analogue of that lemma for KT+ exhibits a ko-module splitting

(3.96) Mko(Â ◦ τ+) ≃−→MV (a+ b, ab+ b2) ∨M ′

for some ko-module M ′; the inclusion map on H∗
ko sends the cohomology of M ′ to a

subspace complimentary to the span of {Uaibj : i, j ≥ 0}.
• The same element of GL2(F2), interpreted as an automorphism of BO1 ×BO1, identifies

MV (a+b, ab+b2) withMV (a, ab). This latter ko-module is studied in [KPMT20, Appendix

F] for applications to “dpin bordism,” including a computation of its homotopy groups in

degrees 6 and below in (ibid., Theorem F.1). See also [WWZ20, SS24, DKPTS] for related

computations.13

• Analogously to Lemma 3.78, we obtain an A(1)-module isomorphism

(3.98) H∗
ko(M

′) ∼= Σ2A(1)⊕ Σ3J ⊕ Σ4A(1)⊕ Σ4J ⊕ P,

where P is 4-connected and J is the Joker, defined to be A(1)/(Sq3). The name is due to

Adams. In particular, in degrees 4 and below, the Baker-Lazarev Adams spectral sequence

collapses. We draw the decomposition (3.98) in Figure 10, left, and give the E2-page of the

corresponding Baker-Lazarev Adams spectral sequence in Figure 10, right. □

Theorem 3.99. Assume Conjecture 2.32 is true, so that there is a characteristic map of spectra

MTKT+ → Σ2MMTSpinτ+, and let FKT+ denote the fiber of this map. Then there is an abelian

13If σi → BO1 × BO1 denotes the tautological real line bundle associated to the ith copy of BO1, then a + b =

w1(σ1 ⊞ 3σ2) and ab+ b2 = w2(σ1 ⊞ 3σ2), which implies by Lemma 2.14 that

(3.97) MV (a+ b, ab+ b2) ≃ ko ∧ (BO1 ×BO1)
σ1⊞3σ3−4 ≃ ko ∧ (BO1)

σ−1 ∧ (BO1)
3σ−3.

The Smith isomorphism (BO1)σ−1 ≃ Σ−1BO1 (the real analogue of Theorem 3.3; see for example [Koc96, Lemma
2.6.5]) identifies these homotopy groups with (ko ∧ (BZ/2)3σ−3)∗+1(BO1), and these groups have been calculated
in low degrees by Guo-Ohmori-Putrov-Wan-Wang [GOP+20, Theorem 14] as the pin+ bordism groups of BO1, or

in all degrees by Bruner [Bru14, Remark B.5].
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Figure 10. Left: The A(1)-module structure on H∗
ko(M

′), as in (3.98); this
summand includes all classes in degree 4 and below. Right: The E2-page of
the corresponding Adams spectral sequence, which computes a summand of the
2-completion of (BO1 ×BO2, a+ b, ab+ b2)-twisted spin bordism. We use this in
Theorem 3.94.

group A+ of order at least 8 such that

(3.100)

π0(FKT+) ∼= Z/2

π1(FKT+) ∼= 0

π2(FKT+) ∼= Z/2

π3(FKT+) ∼= 0

π4(FKT+) ∼= A+,

and the characteristic long exact sequence is as given in Figure 11.

Proof. Throughout this theorem, we will use the KT+ bordism groups and the (BO1 ×BO2, τ
+)-

twisted spin bordism groups, which we computed in low degrees in Proposition 3.92 and Theo-

rem 3.94, respectively.

We will first make the following three computations.

(1) The characteristic map R2 : Ω
KT+

2 → ΩSpin
0 (BO1×BO2, τ

+) is an isomorphism Z/2→ Z/2.
(2) The characteristic map R4 : Ω

KT+

4 → ΩSpin
2 (BO1 ×BO2, τ

+) , which is a map (Z/2)⊕3 →
(Z/2)⊕2, is surjective.

(3) The complement of the subgroup 4Z/8 ⊂ Z/8 ⊂ ΩSpin
3 (BO1 ×BO2) is not in the image of

the characteristic map.

For (1), we first show that (RP2,pt) is the nonzero element of ΩKT+

2
∼= Z/2. First we need to show

this has a KT+ structure, which amounts to the observation that w2(RP2) ̸= 0, so indeed pt is

Poincaré dual to w2. The Z/2-valued bordism invariant (M,F ) 7→
∫
M
w2 is nonzero on (RP2,pt),

so indeed the bordism class of (RP2,pt) is nonzero. The characteristic map R2 thus sends this class

to the bordism class of the point, which is also nonzero, so R2 is a nonzero map Z/2→ Z/2, hence
an isomorphism.

For (2), we will show that ΩKT+

4 has a basis (as a Z/2-vector space) given by (RP4,∅), (CP2,CP1),

and (S4,RP2) (the last two are the standard generators of Guillou-Marin bordism [GM86], and

have the KT+-structures induced by their GM-structures). The reader can check that for all three
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of these pairs (M,F ), that F is indeed Poincaré dual to w2(M). To show these three bordism

classes form a basis, evaluate the (Z/2)⊕3-valued bordism invariant

(3.101) (M,F ) 7−→


∫
M
w1(M)4∫

F
w2(M)∫

F
w1(F )

2


on each of the three bordism classes and observe that the resulting vectors are linearly independent

over Z/2. Now that we have the generators, we can evaluate R4 on them to obtain the characteristic

submanifolds F , which are ∅, CP1, and RP2, and the latter two are linearly independent in

ΩSpin
2 (BO1 × BO2, τ

+), as can be shown by evaluating the bordism invariants
∫
F
w2(V ) and∫

F
w1(F )

2.

To prove (3), it suffices to show 2ΩKT+

5 = 0, which can be shown in the same way as Proposi-

tion 3.92.

With (1)–(3) established, the rest follows by exactness. □

k πk(FKT+) ΩKT+

k ΩSpin
k−2 (BO1 ×BO2, τ

+)

0 Z/2 Z/2 0

1 0 0 0

2 Z/2 Z/2 Z/2

3 0 0 Z/2

4 A+ (Z/2)⊕3 (Z/2)⊕2

5 Z/8⊕ Z/2

∼=

0 ∼=

∼=

Figure 11. The characteristic long exact sequence for the KT+ characteristic
structure, which we prove in Theorem 3.99. Here A+ has order at least 8.

Finally, we interpret this long exact sequence physically.

Corollary 3.102. Assuming Conjecture 2.32, consider a k-dimensional field theory on manifolds

with KT+ structure. For k = 0, and 2, the defect map ℧k−1
Spin(BO1 ×BO2, τ

+)→ ℧k+1
KT+ is 0. For

k = 1, the defect map is an isomorphism: the obstruction vanishes. For k = 3, the map is nonzero

and there is an A+-valued obstruction to pulling the anomaly of the theory back to the defect.

It would be interesting to determine the precise structure of A+ and compute this obstruction in

examples.
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3.5.1. Symmetry Approximations to KT. Similar to the case of approximating the Guillou-Marin

structure in §3.3.1, we will define tangential structures Pin±-O2 := (Pin± ×O2)/(⟨−1, x⟩) to be

used to approximate KT±-bordism. We will do everything explicitly in the pin− case, but the pin+

case follows closely.

Lemma 3.103. A Pin−-O2 tangential structure is a (BO2, V )-twisted pin− structure i.e. it fits

into the following pullback square:

(3.104)

B(Pin−-O2) BO2

BO K(Z/2, 2).

V

⌟

w2

w2(TM)+w1(TM)2

Proof. We construct Pin−-O2 from a split extension arising from the sequence

(3.105) 1→ Z/2→ Pin−-O2 → O×O2 → 1 .

Therefore Pin−-O2 arises from a class α ∈ H2(BO×BO2;Z/2), which parametrizes the extension,

vanishes. The most general form of α is a linear combination of degree two terms built from

Stiefel-Whitney classes of V and TM ,

α = λ1w2(TM) + λ2w1(TM)2 + λ3w2(V ) + λ4w1(V )2 + λ5w1(V )w1(TM)

for λ1, . . . , λ5 ∈ Z/2. We solve for these coefficients by pulling back to subgroups of the sequence

in (3.105).

• Pull the extension (3.105) back to O, where it becomes

(3.106) 1 Z/2 Pin− O 1.

Using this, we see that when pulling back to H∗(BO;Z/2), α is sent to the extension class

for Pin− → O, which is w2 + w2
1. Thus λ1 = 1 and λ2 = 1.

• Pulling back along O2 → Pin−-O2, we get the extension

(3.107) 1 Z/2 Pin+2 O2 1,

which is classified by w2(V ). Thus λ3 = 1 and λ4 = 0.

• To compute λ5, pull back along the inclusion Pin−-O1 ↪→ Pin−-O2 to obtain the extension

(3.108) 1 Z/2 Pin−-O1 O 1,

which is classified by w2(TM) + w1(TM)2, but w1(V )w1(TM) pulls back to a nonzero

class, so λ5 = 0.

We thus see that α = w2(V ) +w2(TM) +w1(TM)2. The condition for the square being a pullback

is that w2(V ) = w2(TM) + w1(TM)2, which is indeed satisfied. □

We can construct a Smith long exact sequence for the symmetry Pin−-O2 by interpreting it as a

twisted pin− structure. By using the prescription in §2.3 and taking ξ = Pin−, X = BO2, and the
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two bundles over BO2 to both be V , we obtain the following Smith long exact sequence:

(3.109)

. . .→ ΩPin−

k ((BO1)
σ−1)

p∗

−→ ΩPin−-O2

k

SV−−→ ΩPin−

k−2

(
(BO2)

2V−4
) a−→ ΩPin−

k−1 ((BO1)
σ−1)→ . . . .

The groups ΩPin−

k ((BO1)
σ−1) can be identified with the (BO1 × BO1, a, a

2 + ab + b2)-twisted

spin bordism groups, where {a, b} is a basis of H1(BO1 ×BO1;Z/2). These twisted spin bordism

groups are computed in [Deb21, Theorem 4.26] in degrees 4 and below. The other two twisted pin−

bordism theories are new. We provide the computation of ΩPin−-O2

k for k to up 4, and the groups

ΩPin−

k−2

(
(BO2)

2V−4
)
can be computed with the long exact sequence.

Proposition 3.110. The low-degree pin−-O2 bordism groups are:

(3.111)

ΩPin−-O2
0

∼= Z/2

ΩPin−-O2
1

∼= Z/2

ΩPin−-O2
2

∼= (Z/2)⊕2

ΩPin−-O2
3

∼= Z/2

ΩPin−-O2
4

∼= Z/4⊕ Z/2⊕ Z/2.

Proof. The groups ΩPin−-O2

k can be computed using the techniques employed in §3.4 and §3.5.
Using the shearing construction on (BO2, V )-twisted pin− bordism, allows us to express it as the

spectrum

(3.112) MTSpin ∧ (BO2)
V−2 ∧ (BO1)

σ−1 .

We want to run the Adams spectral sequence to compute the 2-completed homotopy groups of this

spectrum. (The odd-primary argument is not much different than in the other bordism computations

in this paper.) To do so, we need to determine the A(1)-module structure on H∗((BO2)
V−2 ∧

(BO1)
σ−1;Z/2)), which amounts to tensoring together the A(1)-modules H∗((BO2)

V−2;Z/2) and
H∗((BO1)

σ−1;Z/2). Freed-Hopkins [FH21, §D.5] compute H∗((BO2)
V−2;Z/2) as an A(1)-module

in all degrees; in particular, there is an A(1)-module isomorphism

(3.113) H∗((BO2)
V−2;Z/2) ∼= J ⊕ Σ2A(1)⊕ Σ4A(1)⊕ P,

where P is concentrated in degrees 6 and above. Here J is the Joker, first seen in Equation (3.98).

We draw the isomorphism (3.113) in Figure 12; see [Cam17, Figure 6.6] or [FH21, Figure 5, case

s = 2] for more pictures continuing into higher degrees.

Now to tensor with H∗((BO1)
σ−1;Z/2). For any A(1)-module M , A(1) ⊗M is a free A(1)-

module on a homogeneous vector space basis for M , which accounts for the Σ2A(1) and Σ4A(1)
summands. For the Joker we only have to work a little harder.

Lemma 3.114. There is an isomorphism of A(1)-modules

(3.115) J ⊗H∗((BO1)
σ−1;Z/2) ∼= R3 ⊕ ΣA(1)⊕ Σ2A(1)⊕ P ′,

where P ′ is a free A(1)-module concentrated in degrees 5 and above, and R3 is the A(1)-module

defined in [BC18, §5.2].

Proof. Let Q0 := Sq1 and Q1 := Sq1Sq2 + Sq2Sq1. Then Q2
0 = Q2

1 = 0, so we may regard any

A(1)-module M as a chain complex in which Q0 or Q1 is the differential. The homology groups

of this complex are called Margolis homology and denoted H∗(M ;Q0), resp. H∗(M ;Q1). Both of
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these homology theories satisfy a Künneth formula [Mar83, Chapter 19, Proposition 17(b)]: for

i = 0, 1,

(3.116) H∗(M ⊗N ;Qi) ∼= H∗(M ;Qi)⊗H∗(N ;Qi).

In this proof, let P := H∗((BO1)
σ−1;Z/2). Then there are isomorphisms H∗(P ;Q0) ∼= 0 and

H∗(P ;Q1) ∼= Z/2 in degree 1 [Bru14, Proposition 4.2], and H∗(J ;Q1) ∼= Z/2 concentrated in

degree 2 [AP76, §3]. Thus H∗(J ⊗ P ;Q0) ∼= 0 and H∗(J ⊗ P ;Q1) ∼= Z/2 in degree 3. Yu [Yu95,

Proposition 2.3] shows that if M is a bounded-below A(1)-module with vanishing Q0-homology

and one-dimensional Q1-homology, then M is the direct sum of a free A(1)-module and exactly one

of ΣtP , ΣtH∗((BO1)
1−σ;Z/2), ΣtR3, or Σ

tR5 for some t. Here R5 is the module defined in [BC18,

§5.3]; see also ibid., Figure 23 for a picture of H∗((BO1)
1−σ;Z/2). The rest of the proof is a process

of elimination.

First, we show t = 0. It suffices to show that the lowest-degree class in J ⊗ P , which is the

unique nonzero class x in degree 0 of J ⊗ P does not generate a free module, and indeed one can

check using the Cartan formula that Sq2Sq2Sq2(x) = 0, which suffices (see [FH21, §D.4]). Thus x

is the lowest-degree element in an A(1)-module M isomorphic to one of P , H∗((BO1)
1−σ;Z/2),

R3, or R5. The Cartan formula implies Sq2(x) ̸= 0 (which is not true for the lowest-degree element

in P , so M ̸∼= P ), Sq3(x) ̸= 0 (ruling out R5), and Sq2Sq1(x) ̸= 0 (ruling out H∗((BO1)
1−σ;Z/2)).

The degrees of the free summands in the proposition statement follow by comparing the dimensions

of subspaces of elements of a given degree. For example, J ⊗ P is two-dimensional in degree 1,

but R3 is only one-dimensional; therefore there must be a ΣA(1) summand to account for the

difference. □

It is possible to prove Lemma 3.114 directly, without using Margolis homology, but it is a longer

and more arduous computation.

Corollary 3.117. There is an isomorphism of A(1)-modules

(3.118)

H∗((BO2)
V−2∧(BO1)

σ−1) ∼= R3 ⊕ ΣA(1)⊕ Σ2A(1)⊕Σ2A(1)⊕ Σ3A(1)⊕ Σ4A(1)⊕Σ4A(1)⊕P ′′

for some A(1)-module P ′′ concentrated in degrees 5 and above.

We draw the decomposition (3.118) in Figure 13, left. To run the Adams spectral sequence, we

need Exts,tA(1)(R3,Z/2), computed by Yu [Yu95, Theorem 3.1] (note that Yu refers to this module

as Σ3N3 or M(3, 3)). Thus we can draw the E2-page of the Adams spectral sequence in Figure 13,

right. All differentials in the relevant range vanish for degree reasons, and the only extension

question, in topological degree 4, is solved by the h0-action. □

4. Topological Obstructions to Spontaneous Symmetry breaking

In this section we shift our focus and consider the situation when a theory with a finite

(higher-form) global symmetry is placed on a d-dimensional closed manifold M , and study the

topological properties that prevent the symmetry from spontaneously breaking. One can interpret

the obstruction for a symmetry to spontaneously break as a failure for the formation of a domain

wall that has support on a submanifold F which is Poincaré dual to a cohomology class associated

to the symmetry. The ideas of the Pontryagin-Thom theorem, which have already seen application

in §3, can also apply for finding obstructions to spontaneous symmetry breaking. This gives a

more “intrinsic” way of realizing analogous characteristic structures which is only dependent on the
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Figure 12. TheA(1)-module structure in low degrees forH∗((BO2)
V−2;Z/2); the

summand depicted here includes all classes in degrees 5 and below. The Steenrod
actions on the Thom class are given by Sq1U = w1(V )U and Sq2U = w2(V )U .
This figure is adapted from [Cam17, Figure 6.6].
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Figure 13. Left: the A(1)-module structure on H∗((BO2)
V−2 ∧ (BO1)

σ−1) in
low degrees. The pictured submodule includes all classes in degrees 4 and below.

Right: The E2-page of the Adams spectral sequence computing ΩPin−-O2
∗ . We use

this spectral sequence in the proof of Proposition 3.110.

theory placed on M , and not on inserting defects. This point of view also reflects the fact that the

dynamical problem of spontaneous symmetry breaking has some aspects that can be understood

topologically.

Choose a natural number n and a finite group G, abelian if n ≥ 1. If an n-form G-symmetry

were to spontaneously break, it would create a domain wall along a codimension (n+ 1)-manifold

F . The fact that the domain wall comes from symmetry breaking means that the manifold where it
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is supported must be Poincaré dual to the background field of the n-form symmetry, see [HKT20].

By Theorem 2.25, we can formulate the following definition:

Definition 4.1. The obstruction to breaking a finite n-form G-symmetry on a manifold M is the

obstruction to finding a lift of the map f : M → K(G,n+ 1) implementing the symmetry to a map

f̃ : MSOn+1 such that f = U ◦ f̃ :

(4.2)

MSOn+1

M K(G,n+ 1) .

U

f

f̃

Here U : MSOn+1 → K(G,n + 1) is the G-cohomology Thom class. Like in the second part

of Theorem 2.25, in Definition 4.1 we can replace MSOn+1 with MOn+1 if the theory has a

time-reversal symmetry, permitting us to work on unorientable manifolds. By expanding the

number of possible backgrounds that our theory can be placed on, this limits the possibilities for G.

One can only take G = Z/2 with time-reversal acting trivially on this group. We will use this setup

as the focus for the explicit computations in the remainder of this section.

The following standard result of obstruction theory can be used to find the obstruction class:

Proposition 4.3. For E the fiber of the map fn+1 : MSOn+1 → K(G,n + 1), the primary

obstruction to breaking a finite n-form G-symmetry is a class on+1 ∈ Hn+2(K(G,n+ 1);πn+2(E)).

The primary obstruction is a necessary condition for the existence of a lift; in general, it is not a

sufficient condition.

Remark 4.4. Proposition 4.3 identifies the universal primary obstruction, i.e. for choosing a lift on

all manifolds. If one is interested in a specific manifold M with n-form G-symmetry, the primary

obstruction is the pullback of on+1 by the map f : M → K(G,n+ 1).

We will give explicit obstructions to breaking 1-form and 2-form symmetries when G = Z/2,
which is relevant in many theories and perhaps most notably SU2 Yang-Mills theory in 4d resp.

6d supersymmetric theories [MT12, DZHPR16, BLO21, Apr22, DZHM+22]. Given that the only

non-vanishing homotopy group for K(G,n+ 1) is πn+1, the long exact sequence in homotopy groups

implies π∗(E) = π∗(MOn+1) for ∗ > n+ 1. One therefore just needs to understand the homotopy

groups of MOn+1, and this can be done using the following theorem of Thom:

Theorem 4.5 ([Tho54, Theorem II.7]). The map on homotopy groups induced by the map

ΣMOk−1 → MOk (which is the Thomification of the standard map BOk−1 → BOk) is an

isomorphism in degrees ∗ < k.

In particular, this means that for i < k the homotopy groups πk+i(MOk) can be computed using

the stable homotopy groups of MO, which Thom computed [Tho54].

Remark 4.6. Theorem 4.5 can be generalized to the Thom spectra of more general tangential

structures, including in particular MSOk. The stable homotopy groups of the limiting object MSO

are also known, due to Wall [Wal60].

Starting off with a Z/2 1-form symmetry, we couple it to a background field B ∈ H2(M ;Z/2)
where M is a closed manifold. The failure for the map of spaces MO2 → K(Z/2, 2) to be an

equivalence is more pronounced in high dimensions. In particular when the ambient manifold M



GLOBAL STRUCTURE IN THE PRESENCE OF A TOPOLOGICAL DEFECT 45

has dimension less than or equal to 4, then duals can always be constructed so there is no primary

obstruction to defining a theory with spontaneously broken Z/2 one-form symmetry on any such

manifold. The first dimension when duals cannot always be found is 5. Some candidate theories in

5d with 1-form symmetry would include those in [BSN21, MSNW20, ADZGEH20, GT24]. There

are also many examples of theories with discrete 2-group symmetry [ASNBO22, ABGSN22], and

understanding spontaneous symmetry breaking there would require understanding first breaking

the 1-form symmetry subgroup [BH23]. For notational convenience, let K = K(Z/2, 2) and let

B ∈ H2(K;Z/2) denote the tautological class.

Proposition 4.7 (Thom [Tho54]). π4(MO2) ∼= Z, so that the primary obstruction o2 from

Proposition 4.3 is an element of H5(K;Z).

Proposition 4.8 (Suzuki [Suz58]). H5(K;Z) ∼= Z/4 with the generator given by 1
4□Z/4P(B) where

P : H2(;Z/2) → H4(−;Z/4) denotes the Pontryagin square and □Z/4 is the Bockstein for the

sequence

(4.9) 0 −→ Z · 4−−→ Z −→ Z/4→ 0 .

Using Propositions 4.7 and 4.8, we can identify the primary obstruction for a one-form Z/2
symmetry.

Proposition 4.10. o2 = 1
2□Z/4P(B) ∈ H5(K;Z) ∼= Z/4, i.e. twice the generator.

Proof. Let U : MO2 → K denote the map corresponding to the Thom class and consider the

pullback map U∗ : H5(K;Z)→ H5(MO2;Z) = Z/2. To understand this map, let us also consider

its mod-2 reduction. The mod-2 reduction of the generator of H5(K;Z) is Sq2Sq1B, while the mod-2

reduction of the generator of H5(MO2,Z) is (w2w1 +w3
1)U . By straightforward calculation, we see

that U∗(Sq2Sq1B) = (w2w1 + w3
1)U . Therefore, we see that the pullback map U∗ : H5(K;Z) →

H5(MO2;Z) maps the generator to the generator. Thus, 1
2□Z/4P(B), which is twice the generator

of H5(K;Z), will map to the trivial element in H5(MO2;Z) = Z/2. □

Lemma 4.11. Let õ2 denote the image of Sq2Sq1B in the quotient

(4.12) H5(K;Z/2)/(Im(Sq1 : H4(K;Z/2)→ H5(K;Z/2)).

Then the pullback of o2 to a manifold with one-form Z/2 symmetry vanishes if and only if the

pullback of õ2 vanishes.

The upshot is that the obstruction 1
2□Z/4P(B) can equivalently be framed as a class inH5(K;Z/2)

modulo the image of Sq1, which will be a more convenient way for us to describe it.

Proof. By Proposition 4.10, o2 = 1
2□Z/4P(B). Consider the cohomology of K with respect to the

two sequences 0→ Z→ Z→ Z/2→ 0, and 0→ Z/2→ Z/4→ Z/2→ 0. This gives the following

map between long exact sequences:

(4.13)

. . . H4(K;Z/2) H5(K;Z) H5(K;Z) H5(K;Z/2) . . .

. . . H4(K;Z/2) H5(K;Z/2) H5(K;Z/4) H5(K;Z/2) . . .

□Z/2

∼=

·2

mod 2

mod 2

mod 4

□Z/2

∼=

Sq1 ·2 mod 2 Sq1

Let c := o2 mod 4, which is a class in H5(K;Z/4). Then c mod 2 = 0 in H5(K;Z/2), because the

diagram commutes and o2 mod 2 = 0 (this because o2 is twice the generator of H5(K;Z), then
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using exactness along the top row). Therefore by exactness along the bottom row, c = 2õ2 for

some class õ2 ∈ H5(K;Z/2), and the ambiguity is the image of the previous map in the long exact

sequence, which is Sq1. Thus õ2 is uniquely defined in H5(K;Z/2)/(Im(Sq1)).

The destiny bond between o2 and õ2 is a standard diagram chase.

• If o2 = 0, then c = 0, so õ2 = 0 ∈ H5(K;Z/2) solves the equation 2õ2 = c. Since õ2 is

uniquely defined modulo the image of Sq1, this suffices to imply that it vanishes.

• Conversely, suppose õ2 = 0, so that c = 0 too. The multiplication-by-4 map H5(K;Z)→
H5(K;Z) is 0, since H5(K;Z) ∼= Z/4, so by exactness, the modulo 4 reduction map

H5(K;Z)→ H5(K;Z/4) is injective. Thus, since c = 0 and o2 mod 4 = c, then o2 = 0.

Now we identify õ2 with Sq2Sq1B. The construction of õ2 in the previous argument implies that õ2
is in the image of the mod 2 reduction map H5(K;Z)→ H5(K;Z/2). Since the mod 2 reduction

map Z → Z/2 factors through Z/4, the same is true for the induced map on cohomology: thus,

consider the long exact sequence

(4.14) . . .→ H5(K;Z/4) mod 2−−−−→ H5(K;Z/2) Sq1

−−→ H6(K;Z/2)→ . . . ,

Being in the image of the mod 2 reduction map in (4.14) is thus equivalent to being in

ker(Sq1 : H5(K;Z/2) → H6(K;Z/2)); this kernel is {0,Sq2Sq1B} (plus the indeterminacy of

Im(Sq1)). Since o2 ̸= 0, then õ2 ̸= 0 and therefore õ2 must equal Sq2Sq1B. □

Remark 4.15. In the case of a Z/2 0-form symmetry, the Thom class map MO1 → K(Z/2, 1) is
a homotopy equivalence, so there is no topological obstruction to the symmetry spontaneously

breaking. There is also no topological obstruction to breaking a U1 valued 0-form or equivalently a

Z valued 1-form symmetry, as BU1 = K(Z, 2) and the Thom class map MSO2 → K(Z, 2) is also
a homotopy equivalence. The latter is in agreement with the Coleman-Mermin-Wagner (CMW)

theorem for discrete symmetries [GKSW15] which states that a p-form symmetry in D-spacetime

dimensions is obstructed from breaking if p ≥ D − 1.

As dimension 5 is the edge case for which an obstruction is present, we address an important

instance when the obstruction vanishes for 5-dimensional manifolds:

Proposition 4.16. If M is a spin 5-manifold then the obstruction vanishes. If M is only an

oriented 5-manifold then the obstruction does not vanish in general.

Proof. When M is spin, then we compute Sq2Sq1B on M by using the fact that the second Wu

class is w2(TM) + w1(TM)2 = 0. This implies Sq2Sq1B = (w2(TM) + w1(TM)2)Sq1(B) = 0, and

the obstruction vanishes. In the oriented case, the generator of degree 5 oriented bordism is the

Wu manifold W := SU3/SO3,
14 which has Z/2 cohomology H∗(W ;Z/2) = Z/2[z2, z3]/(z22 , z23) (this

follows from [Bar65, Lemma 1.1] and Poincaré duality), with w2 = z2 and w3 = z3 (ibid.), and

Sq(z2) = z2 + z3 and Sq(z3) = z3 + z2z3 (see [Flo73, §3], where this is attributed to Calabi). Thus

Sq2Sq1(z2) is not in the image of Sq1. □

Remark 4.17. In fact,
∫
õ2 is an oriented bordism invariant ΩSO

5 (K) → Z/2. This amounts to

asserting that the indeterminacy in õ2 vanishes, which follows from the Wu formula on an oriented

manifold.

14Barden [Bar65, §1] named this manifold in reference to Wu’s work [Wu50] (see also Dold [Dol56]) on a closely

related manifold. See [LOT21, Footnote 9] for more on the history of the Wu manifold.
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4.1. Obstruction to spontaneously breaking Z/2 higher-form symmetry. We now examine

the case of a Z/2-valued 2-form symmetry, and consider the lowest dimension where the symmetry

is obstructed from spontaneously breaking. Although we might expect this dimension to be 6, we

will show that this turns out not to be the case. Following the discussion in the previous section on

probing obstructions, we consider the first dimension at which the map U : MO3 → K(Z/2, 3) is
not an equivalence. Using Theorem 4.5 we know that π5(MO3) ∼= Z/2; this is the first homotopy

group of MO3 with degree higher than 3 that is nontrivial.

Lemma 4.18. Pullback by the Thom class U : MO3 → K(Z/2, 3) is an injective homomorphism

H6(K(Z/2, 3);Z/2)→ H6(MO3;Z/2).

Proof. Let C ∈ H3(K(Z/2, 3);Z/2) denote the tautological class and V → BO3 be the tautological

vector bundle. We will abuse notation mildly and let U denote U∗(C) (i.e. the Thom class); which

U we refer to will be clear from context.

H6(K(Z/2, 3);Z/2) is spanned by Sq2Sq1C and C2. Pulling back Sq2Sq1C gives (w2(V )w1(V )+

w1(V )3)U . Using the fact that C2 = Sq1Sq2U = Sq3U means C2 pulls back to w3(V )U . □

Therefore, one needs to look in dimensions even higher than 6 to identify the primary obstruction,

i.e. to find an element in Hn+1(K(Z/2, 3);πn(MO3)) which is trivial in Hn+1(MO3;πn(MO3)), i.e.

to observe the primary obstruction to symmetry breaking. However, this involves understanding

π∗(MO3) where ∗ ≥ 6 and is beyond the scope of Theorem 4.5, and hence using the stable

homotopy groups of MO is not viable. A general story persists for Z/2 valued n-form symmetries

when n ≥ 2. Indeed, for an Z/2 valued n-form symmetry with n > 2, since πn+1(MOn) = 0

and πn+2(MOn) = Z/2 the first cohomology that could support an obstruction to breaking this

symmetry is Hn+3(K(Z/2, n);Z/2). But this group is generated by Sq2Sq1C and Sq3C, and neither

vanish when pulled back to Hn+3(MOn+1;Z/2). This analysis can be straightforwardly generalized

to any group of the form K(Z/2k;n) using the results of Serre [Ser53].

5. Discussion

We have set out to give an answer to Question 1.1 by introducing characteristic structures as a

way of keeping track of the placement of defects along submanifolds, and the tangential structures

that are induced from the defect. We furthermore presented a quantitative way of understanding

when there is an obstruction for a finite symmetry to spontaneously break. Strides have also

been made in our understanding of question 1.4 by explicitly showing that there are maps that

approximate the characteristic long exact sequence. Some information about the groups in the

characteristic long exact sequence can also be gleaned from exactness, as was done for the GM case.

We conclude by offering some interesting future directions to explore. First of all, it will be

very interesting if we can connect the bordism group calculations with concrete quantities in QFT.

We believe that such connection can serve as another quantity that is RG invariant and provides

nonperturbative arguments for phases and phase diagrams. Secondly, it will be important both

mathematically and physically to write down the characteristic long exact sequence in an explicit

way, by proving Conjecture 2.32 and identifying the fiber of the map of spectra. This, among other

things, serves as an “improvement” of the Smith long exact sequence.

It would also be interesting to find some context for characteristic structures in situations that

concern theories of quantum gravity. In particular it would be interesting to tie this in with

corner symmetries [FGW24], which involve picking a codimension 2 boundary in spacetime. Since
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characteristic pairs naturally give a hard boundary condition to the theory living outside the

codimension 2 defect, it is not unreasonable to think that there is some connection. Moreover, with

a clearer understanding of the dimensions where spontaneous symmetry breaking may encounter

obstructions, it would be intriguing to explore whether certain gravity theories manifest such

obstructions. Identifying such an example could lend further support to the idea that symmetries

should be gauged, rather than broken when lifting to the UV theory.
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